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1 Introduction

In the first term of your studies you were introduced to the concepts of groups, rings
and fields. Linear algebra comes to add a further concept, that of a wvector space.
If we think of the concept of groups as a general setting in which we can add and
subtract, rings as a general setting in which we can add, subtract, and multiply, and
fields as a general setting in which we can add, subtract, multiply, and divide, then
a vector space can be thought of as a general setting in which we can add, subtract,
and scale.

These two operations are modelled according to our intuition about vectors in the
plane: vectors are added using the ‘parallelogram rule’, or by adding their coordinates
separately, and they can be stretched or contracted by multiplication with a real
number.

We defined groups in such a way that we can use our intuition about addition of
numbers to prove results about groups, but we made the definition general enough
that these proofs apply to many situations. In other words, we wanted a large variety
of objects to be accepted as groups, to maximise the benefit from proving theorems
about all groups.

Likewise, now that we are about to define our new concept of vector space, we
want to do it in such a way that, on one hand, our intuition about vectors in the
plane can help us prove theorems, and on the other hand, as many objects as possible
are accepted as vector spaces.

And indeed, vector spaces are abundant across mathematics, and their study
—Linear algebra— has found a large variety of applications, both theoretical and
practical. Some of them will be mentioned in the course, and many others can be
found in the many textbooks about the topic.

2 Vector spaces

2.1 Definition of a vector space

We now give the definition of a vector space, making the idea sketched in the Intro-
duction more precise.

Definition. A wector space over a field K, is a set V endowed with two operations,
+: VXV — V (vector addition) and - : K xV — V (scalar multiplication), satisfying
the following requirements for all o, 3 € K and all u,v € V.

(i
(ii

) Vector addition + satisfies axioms Al, A2, A3 and A4.
) a
(i) (a+pB) - v=a-v+8-v;
)
) 1

(u+v)=a-uta-v;

(iv) (aB)-v=a-(B-v);
(v

Elements of the field K will be called scalars, while elements of V' will be called
vectors. We will use boldface letters like v to denote vectors. The zero vector in
V will be written as Oy, or usually just 0. This is different from the zero scalar
0=0g € K.

The notation + : V x V — V we used above means that our addition takes two
elements of V' as arguments and returns another element of V. Some authors formu-
late this by saying that V is closed under addition. Likewise, scalar multiplication
takes an element of K and an element of V' as arguments, and always returns an
element of V.
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Nearly all results in this course are not less interesting if we assume that K is
the field R of real numbers. So you may find it helpful to first assume K = R when
solving problems, and later let K be an arbitrary field once you understand the real
case.

2.2 Addition and multiplication axioms and fields

Let K be a set, and suppose we have an operation + : K x K — K. If we want to
call this operation ‘addition’, then it is natural to ask that it satisfies the following
requirements, called axzioms for addition.

Axioms for addition.
Al. (a+p8)+y=a+ (B+7) forall a, 8,7 € K.
A2. Thereis an element 0 € K such that a +0 =0+ a =« for all o € K.

A3. For each o € K there exists an element —a € K such that a+(—a) = (—a)+a =
0.

A4. a+pB=pF+aforal apeckK.

For example, in N; A1 and A4 hold but A2 and A3 do not hold. A1-A4 all hold
in Z,Q,R and C.

Note that A1-A3 say that (K,+) is a group, while A4 says that this group is
abelian.

Similarly, if we have an operation - : K x K — K, then we are justified to call it
a multiplication operation if it satisfies the following:

Axioms for multiplication.
Mil. (- 8)-y=a-(B-7) for all o, 3,7 € K.
M2. There is an element 1 € K such that a-1=1-a=a for all a € K.

M3. For each a € K with o # 0, there exists an element o' € K such that

a-at=al a=1.

M4. a- = -«aforall a,p € K.

In N and Z, M1,M2 and M4 hold but M3 does not. M1-M4 all hold in Q, R and
C.

Using these axioms, we can formulate the definition of a field as follows

Definition. Let K be a set on which two operations +: KxK — Kand-: K x K - K
(called addition and multiplication) are defined. Then K is called a field if it satisfies
each of the axioms A1-A4 and M1-M4, as well as 1 # 0, and the following axiom:

D. (a+p8)-y=a-v+ -y forall a,p,7y € K.

Roughly speaking, K is a field if addition, subtraction, multiplication and division
(except by zero) are all possible in K. We will usually use the letter K for a general
field.

Example. N and Z with the usuall operations are not fields, but Q, R and C are.

There are many other fields, including some finite fields. For example, for each
prime number p, there is a field F, = {0,1,2,...,p — 1} with p elements, where
addition and multiplication are carried out modulo p. Thus, in F7, we have 5+4 = 2,
5x 4 =6 and 5! = 3 because 5 x 3 = 1. The smallest such field Fy has just two
elements 0 and 1, where 1 + 1 = 0. This field is extremely important in Computer
Science since an element of Fy represents one bit of information.
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2.3 Examples of vector spaces

1. K" = {(a1,a2,...,a5) | a; € K}. This is the space of row vectors. Addition
and scalar multiplication are defined by the obvious rules:

(a17a27"‘7an) + (517,62,...,6”) = (Oél +61,0[2 +B2;:O‘n+6n)7
Mag,ag,. .., an) = (Aag, Aag, ..., Aay).

The most familiar examples are
R*={(z.y) | 2,y €R} and R’={(z,y,2)|z,y,z €R},

which we can think of geometrically as the points in ordinary 2- and 3-dimen-
sional space, equipped with a coordinate system.

Vectors in R? and R? can also be thought of as directed lines joining the origin
to the points with coordinates (z,y) or (z,y, 2).

/////////////////’///,—(x,y)
0 =(0,0)

Addition of vectors is then given by the parallelogram law.

Vi + Vo

V2
Vi

0
Note that K! is essentially the same as K itself.

2. Let KJ[z] be the set of polynomials in an indeterminate = with coefficients in
the field K. That is,

Kiz|={apg+ a1z + -+ apz" | n>0,0; € K}.
Then K[x] is a vector space over K.

3. Let K[x]<y be the set of polynomials over K of degree at most n, for some
n > 0. Then KJ[z|<, is also a vector space over K in fact it is a subspace of

Note that the polynomials of degree exactly n do not form a vector space. (Why
not?)

4. Let K = R and let V' be the set of n-times differentiable functions f: R — R
which are solutions of the differential equation
dnflf df

et T L f=o0.
dx™ d:pn*1Jr + 1d:rjL F=0

for fixed Ao, A1,..., A, € R. Then V is a vector space over R, for if f(z) and
g(x) are both solutions of this equation, then so are f(z)+ g(z) and o f(z) for
all o € R.
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5. The previous example is a space of functions. There are many such examples
that are important in Analysis. For example, the set C*((0,1),R), consisting
of all functions f: (0,1) — R such that the kth derivative f*) exists and is
continuous, is a vector space over R with the usual pointwise definitions of
addition and scalar multiplication of functions.

6. Any n bits of information can be thought of as a vector in F3.

Facing such a variety of vector spaces, a mathematician wants to derive useful
methods of handling all these vector spaces. If work out techniques for dealing with a
single example, say R?, how can we be certain that our methods will also work for R®
or even C8? That is why we use the aziomatic approach to developing mathematics.
We must use only arguments based on the vector space axioms. We have to avoid
making any other assumptions. This ensures that everything we prove is valid for all
vector spaces, not just the familiar ones like R3.

We shall be assuming the following additional simple properties of vectors and
scalars from now on. They can all be deduced from the axioms (and it is a useful
exercise to do so).

(i) a0 =0 for alla € K
(ii) Ov=0forall ve V
(i) —(av) =(—a)v=a(—v),foralla € K and v e V.

(iv) if av =0 then a =0 or v = 0.

3 Linear independence, spanning and bases of vector
spaces

3.1 Linear dependence and independence

Definition. Let V' be a vector space over the field K. The vectors vi,vo,...v, € V
are said to be linearly dependent if there exist scalars aq, s, ..., a, € K, not all zero,
such that

a1vi + agve + -+ + ap v, = 0.

If the vectors vi, va, . .. v, are not linearly dependent, they are said to be linearly inde-

pendent. In other words, they are linearly independent if the only scalars aq, ao, ..., a, €
K that satisfy the above equation are a; =0, ag =0, ..., a, = 0.

Definition. Vectors of the form a3vy +aove + - - -+ vy, for ag,ao, ..., a, € K are
called linear combinations of vi,vs,...v,.

Example. Let V =R? v; = (1,3), vo = (2,5).

Then a1vi +agve = (a1 +2a9, 3ag + 5az), which is equal to 0 = (0, 0) if and only
if a7 +2a9 = 0 and 3aq + 5ag = 0. Thus we have a pair of simultaneous equations
in a1, s and the only solution is a; = as = 0, so vy, vo are linearly independent.

Example. Let V =R? v; = (1,3), vo = (2,6).
This time the equations are oy + 2as = 0 and 3a; + 6 = 0, and there are
non-zero solutions, such as a; = —2, as = 1, and so vy, vy are linearly dependent.

Lemma 3.1. vi,vo,..., v, € V are linearly dependent if and only if either vi = 0
or, for some r, v, is a linear combination of vi,...,Vy_1.
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Proof. If vi = 0 then by putting oy = 1 and «; = 0 for i > 1 we get ayvy + -+ +
anvy =0, 80 vi,va,..., vy, € V are linearly dependent.

If v, is a linear combination of vy{,...,v,_1, then v, = ayvi + -+ a,_1v,_q for
some aq,...,a,_1 € K and so we get ayvy + -+ a,_1vy,_1 — 1 v, = 0 and again
Vi,Vo,...,V, € V are linearly dependent.

Conversely, suppose that vi,vo,...,v, € V are linearly dependent, and «; are
scalars, not all zero, satisfying a3 vy + agvs + - - - 4+ a, v, = 0. Let r be maximal with
ay # 0; then ;v + agvy + -+ + a,v,, = 0. If r = 1 then a3v; = 0 which, by (iv)
above, is only possible if vi = 0. Otherwise, we get

S Qp—1
Vp=—"V] — -+ — Vr—1
aT a"'
In other words, v, is a linear combination of vq,...,v,_1. ]

3.2 Spanning vectors

Definition. We say that the vectors vy,...,v, € V span V, if every vector v € V is
a linear combination a1vy + agve + - - - + vy, of Vi, ..., Vy.

3.3 Bases of vector spaces

Definition. The vectors vi,..., v, in V form a basis of V, if they are linearly inde-
pendent and span V.

Proposition 3.2. The vectors vy, ...,vy, form a basis of V if and only if for every
v € V there is a unique sequence of scalars ay,as,...,ay such that
V=o1V] +aovy + -+ apVp.

Proof. Suppose that vy,...,v, form a basis of V. Then they span V, so certainly
every v € V can be written as v = a1vy + aove + - - - + @, V. Suppose now there is
a further sequence of scalars 8; € K such that v = g1vy + Bovy + -+ + 8,v,. Then
we have

0=v—v=_(a1vi+agva+ -+ a,v,) — (B1vi + fova + -+ BnVy)
= (aq — p1)vi + (ag — Bo)va + -+ -+ (o — Bn) Vi

and so
(a1 —=B1) = (a2 = P2) =+ = (ay — Bn) =0

by linear independence of vy, ...,v,. Hence «; = B; for all 4, which means that the
sequence «; is indeed unique.

Conversely, suppose that every v € V can be written uniquely as v = ajvy +
aoVo+- -+ a,vy. Then vy, ..., v, certainly span V. If ayvi+aove+---+a,vy, =0,
then

a1vy + aovo + -+ ap vy, = 0vy + 0ve + - - - + Ovy,.

Applying the uniqueness assumption to the vector 0 yields that oy = as = -+ =, =
0, and so vy, ..., v, are linearly independent. Hence they form a basis of V. O
Definition. The scalars aq, ..., ay, in the statement of the proposition are called the
coordinates of v with respect to the basis vq,...,v,.

With respect to a different basis, v will have different coordinates. Thus, a basis
for a vector space can be thought of as a choice of a system of coordinates.
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Examples Here are some examples of bases of vector spaces.

1. (1,0) and (0,1) form a basis of K2. This follows from Proposition 3.2 because
each element (a1,a0) € K2 can be written as a1(1,0) + a2(0,1), and this
expression is clearly unique.

2. More generally, (1,0,0), (0,1,0), (0,0,1) form a basis of K3, (1,0,0,0), (0,1,0,0),
(0,0,1,0), (0,0,0,1) form a basis of K* and so on. This is called the standard
basis of K™ for n € N.

(To be precise, the standard basis of K™ is vi,...,v,, where v; is the vector
with a 1 in the ith position and a 0 in all other positions.)

3. There are many other bases of K". For example (1,0),(1,1) form a basis of
K2, because (a1, as) = (a1 —a2)(1,0) + az(1,1), and this expression is unique.
In fact, any two non-zero vectors such that one is not a scalar multiple of the
other form a basis for K?2.

4. The way we defined a basis, it has to consist of a finite number of vectors.
Not every vector space has a finite basis. For example, let K|[z]| be the space
of polynomials in = with coefficients in K. Let pi(z),pa(z),...,pn(x) be any
finite collection of polynomials in K[z]. Then, if d is the maximum degree
of p1(x), p2(x),...,pn(x), any linear combination of pi(z),p2(z),...,pn(x) has
degree at most d, and so p1(z), p2(z), . .., pn(x) cannot span K[z|. On the other
hand, it is possible (with a little care) to define what it means for an infinite set
of vectors to be a basis of a vector space; in fact the infinite sequence of vectors
Lx,22 2%, ..., 2", ... is a basis of K[z].

A vector space is called finite-dimensional if it has a finite basis. Nearly all of
this course will be about finite-dimensional spaces, but it is important to remember
that these are not the only examples. The spaces of functions mentioned in Example
5. of Section 2 typically have no countable basis.

Theorem 3.3 (The basis theorem). Suppose that vi,...,vy, and wi,...,w, are
both bases of the vector space V.. Then m = n. In other words, all finite bases of V.
contain the same number of vectors.

For the proof of this theorem we will need some intermediate facts and the concept
of sifting which we introduce after the next lemma.

Definition. The number n of vectors in a basis of the finite-dimensional vector space
V is called the dimension of V, and we write dim(V') = n.

Thus, as we might expect, K™ has dimension n. K|[z] is infinite-dimensional, but
the space K|[z|<;, of polynomials of degree at most n has basis 1, z, 2, ..., x", so its
dimension is n + 1 (not n).

Note that the dimension of V' depends on the field K. Thus the complex numbers
C can be considered as

e a vector space of dimension 1 over C, with one possible basis being the single
element 1;

e a vector space of dimension 2 over R, with one possible basis given by the two
elements 1, i;

e a vector space of infinite dimension over Q.

The first step towards proving the basis theorem is to be able to remove unneces-
sary vectors from a spanning set of vectors.
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Lemma 3.4. Suppose that the vectors vi,va,...,v,, W span V and that w is a linear
combination of vi,...,vy. Then vy,...,vy, span V.
Proof. Since vq,vo,..., vy, w span V, any vector v € V' can be written as

V:OZ1V1+"‘+anVn+BW7

But w is a linear combination of vi,..., vy, so w = y1vi+- - -+, VvV, for some scalars
v;; replacing in the above equation we obtain

V:alvl+"‘+anvn+ﬁ(71vl+"'+'7nvn)
= (a1 + By1)vi + -+ (an + Byn) Vo

Thus v is a linear combination of vy, ..., v,, which therefore span V. O

There is an important process, called sifting, which can be applied to any sequence
of vectors vi,vo,...,Vv, in a vector space V, as follows. We consider each vector v;
in turn. If it is zero, or a linear combination of the preceding vectors vi,...,v;_1,
then we remove it from the list.

Example. Let us sift the following sequence of vectors in R3.
vy = (07 0’0) Vo = (171)1) V3 = (2)2’2) V4 = (1,070)
v = (3,2,2) ve = (0,0,0) vy =(1,1,0) vg = (0,0,1)

v = 0, so we remove it. va is non-zero so it stays. vy = 2vg so it is removed. v4
is clearly not a linear combination of va, so it stays.

We have to decide next whether vs is a linear combination of vo,v4. If so, then
(3,2,2) = a1(1,1,1) + a2(1,0,0), which (fairly obviously) has the solution a; = 2,
as =1, so remove vs. Then vg = 0 so that is removed too.

Next we try v = (1,1,0) = a1(1,1,1) + a2(1,0,0), and looking at the three
components, this reduces to the three equations

1 =0a1 + as; 1=oay; 0=a.

The second and third of these equations contradict each other, and so there is no
solution. Hence vy is not a linear combination of va, v4, and it stays.
Finally, we need to try

vg = (0,0,1) = ay(1,1,1) + a2(1,0,0) + a3(1,1,0)
leading to the three equations
0=a1+as+ as 0=a; +as; l=oy

and solving these in the normal way, we find a solution o = 1, a0 = 0,3 = —1.
Thus we delete vg and we are left with just va, vy, vr7.

Of course, the vectors that are removed during the sifting process depends very
much on the order of the list of vectors. For example, if vg had come at the beginning
of the list rather than at the end, then we would have kept it.

Definition. The vectors remaining after applying the process of sifting to a sequence
of vectors vy, ..., Vv, is called the sifted subsequence of vi,...,v,.

The idea of sifting allows us to prove the following theorem, stating that every
finite sequence of vectors which spans a vector space V actually contains a basis for
V.
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Theorem 3.5. Suppose that the vectors vy,...,v, span the vector space V. Then
the sifted subsequence of vi,...,v, forms a basis of V.
Proof. We sift the vectors vq,...,v,. The vectors that we remove are linear combin-

ations of the preceding vectors, and so applying Lemma [3.4] after each step, we see
that the remaining vectors still span V. After sifting, no vector is zero or a linear
combination of the preceding vectors (otherwise it would have been removed), so by
Lemma [3.T] the remaining vectors are linearly independent. Hence they form a basis
of V. O

The last theorem tells us that any vector space with a finite spanning set is finite-
dimensional, and indeed the spanning set contains a basis. We now prove the dual
result: any linearly independent set is contained in a basis.

Theorem 3.6. Let V' be a vector space over K which has a finite spanning set, and
suppose that the vectors vy, ..., v, are linearly independent in V. Then we can extend
the sequence to a basis vi,...,vy, of V, where n > r.

Proof. Let wi,...,w, be a spanning set for V. We sift the combined sequence
Vi, ooty Ve, W, o0, We

Since wi, ..., w, span V, the whole sequence spans V. Sifting results in a basis for
V' by Theorem Since vi,...,Vv, are linearly independent, none of them can be a
linear combination of the preceding vectors by Lemma B.Il and hence none of the v;
are deleted in the sifting process. Thus the resulting basis contains vy, ..., v,. O

Example. The vectors vi = (1,2,0,2),vy = (0,1,0,2) are linearly independent in
R%. Let us extend them to a basis of R*. The easiest thing is to append the standard
basis of R4, giving the combined list of vectors

vi=(1,2,0,2), vo = (0,1,0,2), wi = (1,0,0,0),
wa = (0,1,0,0), ws = (0,0,1,0), wy = (0,0,0,1),

which we shall sift. We find that (1,0,0,0) = «1(1,2,0,2) + a2(0,1,0,2) has no
solution, so wy stays. However, wo = vi — vo — Wy so wy is deleted. It is clear that
w3 is not a linear combination of vi,vo, wy, because all of those have a 0 in their
third component. Hence w3 remains. Now we have four linearly independent vectors,
so must have a basis at this stage, and we can stop the sifting early by Theorem B3.3]
(which we haven’t finished proving yet). The resulting basis is

Vi1 = (1>2707 2)7 V2 = (Oa 1>O7 2)7 W1 = (1707070)7 W3 = (0707 170)

We are now ready to prove Theorem [3.3l Since bases of V are both linearly
independent and span V', the following proposition implies that any two bases contain
the same number of vectors.

Proposition 3.7 (The exchange lemma). Suppose that vectors vi,...,v, span V
and that vectors wi, ..., Wy, € V are linearly independent. Then m < n.

Proof. The idea is to place the w; one by one in front of the sequence vi,..., vy,
sifting each time.

Since vi,...,v, span V, wi,vy,...,V, are linearly dependent, so when we sift,
at least one v; is deleted. We then place wo in front of the resulting sequence and
sift again. Then we put wj in from of the result, and sift again, and carry on doing
this for each w; in turn. Since w1, ..., w,, are linearly independent none of them are
ever deleted. We claim that, on the other hand, at least one v; is deleted in each
step.
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To see this, note that the sifted subsequence we obtain after each step spans V,
which can be proved by inductively applying Theorem Thus at the beginning of
each step we place a vector in front of a sequence which spans V', and so the extended
sequence is linearly dependent; hence at least one v; gets eliminated each time.

Now in total, we append m vectors w;, and each time at least one v; is eliminated,
so we must have m < n. O

Corollary 3.8. Let V' be a vector space of dimension n over K. Then any n vectors
which span V' form a basis of V', and no n — 1 vectors can span V.

Proof. After sifting a spanning sequence, the remaining vectors form a basis by The-
orem [3.5l So by Theorem [B:3] there must be precisely n = dim(V') vectors remaining.
The result is now clear. O

Corollary 3.9. Let V be a vector space of dimension n over K. Then any n linearly
independent vectors form a basis of V' and no n+1 vectors can be linearly independent.

Proof. By Theorem any linearly independent set is contained in a basis but by
Theorem [3.3] there must be precisely n = dim(V') vectors in that basis. The result is
now clear. 0

3.4 Existence of a basis

Although we have studied bases quite carefully in the previous section, we have not
addressed the following fundamental question. Let V be a vector space. Does it
contain a basis?

Theorem gives a partial answer that is good for many practical purposes. Let
us formulate it as a corollary.

Corollary 3.10. If a non-trivial vector space V is spanned by a finite number of
vectors, then it has a basis.

In fact, if we define the idea of an infinite basis carefully, then it can be proved
that any vector space has a basis. That result will not be proved in this course. Its
proof, which necessarily deals with infinite sets, requires a subtle result in axiomatic
set theory called Zorn’s lemma.

4 Subspaces

Let V be a vector space over the field K. Certain subsets of V' have the nice property
of being closed under addition and scalar multiplication; that is, adding or taking
scalar multiples of vectors in the subset gives vectors which are again in the subset.
We call such a subset a subspace:

Definition. A subspace of V is a non-empty subset W C V such that
(i) W is closed under addition: u,v e W =u+v e W,
(ii) W is closed under scalar multiplication: ve W, a € K = av e W.

These two conditions can be replaced with a single condition
u,veWa e K=au+ pfveW

A subspace W is itself a vector space over K under the operations of vector
addition and scalar multiplication in V. Notice that all vector space axioms of W
hold automatically. (They are inherited from V'.)
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Example. The subset of R? given by
W = {(a,8) € R* | = 2a},

that is, the subset consisting of all row vectors whose second entry is twice their first
entry, is a subspace of R2. You can check that adding two vectors of this form always
gives another vector of this form; and multiplying a vector of this form by a scalar
always gives another vector of this form.

For any vector space V', V is always a subspace of itself. Subspaces other than V'
are sometimes called proper subspaces. We also always have a subspace {0} consisting
of the zero vector alone. This is called the trivial subspace, and its dimension is 0,
because it has no linearly independent sets of vectors at all.

Intersecting two subspaces gives a third subspace:

Proposition 4.1. If Wy and Wy are subspaces of V' then so is Wi N Wh.

Proof. Let u,v € WiNWy and a € K. Then u+v € W; (because W is a subspace)
and u+ v € Wy (because Wy is a subspace). Hence u+ v € Wy N Wy. Similarly, we
get av € W1 N Wy, so Wi N Ws is a subspace of V. O

It is not necessarily true that W7 U W5 is a subspace, as the following example
shows.

Example. Let V = R? let Wi = {(,0) | « € R} and Wy = {(0,a) | « € R}. Then
W1, Wy are subspaces of V', but W; U Wy is not a subspace, because (1,0),(0,1) €
Wi U W, but (1,0) + (0,1) = (1,1) & Wy U Wa.

Note that any subspace of V' that contains W and W5 has to contain all vectors
of the form u + v for u € Wy, v € Ws. This motivates the following definition.

Definition. Let W7, W5 be subspaces of the vector space V. Then W7+ W is defined
to be the set of vectors v € V such that v = w; + wo for some wi € W7, wy € Ws.
Or, if you prefer, W1 + Wy = {w1 + wo | w; € W1, wq € Ws}.

Do not confuse W7 + Wy with W7 U W,

Proposition 4.2. If Wi, Wy are subspaces of V' then so is W1 + Wa. In fact, it is
the smallest subspace that contains both Wi and Ws.

Proof. Let u,v. € Wy 4+ Ws. Then u = uy + us for some u; € Wy, us € Ws and
v = vi+vo for some vi € Wy, vo € Wa. Then u+v = (u;+vy)+(ug+vse) € Wi+Ws.
Similarly, if € K then av = avy + ave € Wi + Wy, Thus Wi 4+ Ws is a subspace
of V.

Any subspace of V' that contains both W7 and Wy must contain Wy + Wy by
closedness, so the latter is the smallest such subspace. O

Definition. Two subspaces Wy, Wy of V are called complementary if W1 NWy = {0}
and W7 + Wy = V.

Proposition 4.3. Let Wy, Wy be subspaces of V. Then W1, Wy are complementary
subspaces if and only if each vector v.€ V can be written in a unique way as v =
w1 + wo with wi € Wi and wo € Ws.

Proof. Suppose first that Wy, Wy are complementary subspaces and let v € V. Then
Wi+ Wy =V, so we can find wi; € Wy and wy € Wy with v = wi + wo. If we also
had v = w) + w) with w} € W1, w), € Ws, then we would have w; — w) = w), — ws.
The left-hand side lies in W7 and the right-hand side lies in W5, and so both sides
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(being equal) must lie in W73 N Wy = {0}. Hence both sides are zero, which means
w1 = w) and wy = w), so the expression is unique.

Conversely, suppose that every v € V' can be written uniquely as v = w1 +wy with
wi € W1 and wo € Ws. Then certainly Wy + Wo = V. If v was a non-zero vector in
W1NWs, then in fact v would have two distinct expressions as wi +wo with wi € W3
and wo € Ws, one with wi; = v, wy = 0 and the other with w; = 0, wo = v. Hence
W1 N Wy = {0}, and Wy and W, are complementary. O

Examples We give some examples of complementary subspaces.

1. As in the previous example, let V = R?, Wi = {(a,0) | a € R} and Wy =
{(0,a) | @ € R}. Then W and Wy are complementary subspaces.

2. Let V =R3 W; = {(a,0,0) | @ € R} and W = {(0,,3) | @, 8 € R}. Then
W1 and Wy are complementary subspaces.

3. Let V =R% W) = {(a,a) | @« € R} and Wy = {(—~a,a) | @ € R}. Then W,
and Wy are complementary subspaces.

Another way to form subspaces is to take linear combinations of some given vec-
tors:

Proposition 4.4. Let vy,...,v, be vectors in the vector space V. Then the set of
all linear combinations a1vy + agva + -+ + vy 0f Vi,..., vy, forms a subspace of
V.

The proof of this is completely routine and will be omitted. The subspace in this
proposition is known as the subspace spanned by vi,...,v,.

The following nice fact shows that dimension is monotone with respect to sub-
spaces:

Proposition 4.5. Let V' be a finite-dimensional vector space and W a subspace of
V. Then dim(W) < dim(V).

Proof. If dim(W) > dim(V') then, easily, W has a linearly independent subset F
with more than dim(V') elements. But F' is also a linearly independent subset of V,
contradicting Corollary O

We finish the section with our deepest theorem about subspaces. In a sense,
it corresponds to the following basic fact about sets: if A, B are finite sets, then
|AUB|=|A|+ |B|—|ANnB|.

Theorem 4.6. Let V' be a finite-dimensional vector space, and let W1, Wy be sub-
spaces of V.. Then

dim(Wl + WQ) = dim(Wl) + dim(Wg) — dim(Wl N Wz).

Proof. First note that any subspace W of V' is finite-dimensional by Proposition
Let dim(W7 N Wy) = r and let eq,..., e, be a basis of Wi N W5. Then ey, ..., e,
is a linearly independent set of vectors, so by Theorem it can be extended to a
basis e1, ..., e, f1,...,fs of Wi where dim(W7) = r + s, and it can also be extended
to a basis e, ...,e,,81,...,8 of Wa, where dim(Ws) = r +¢.
To prove the theorem, we need to show that dim(W; + Ws) = r 4+ s + ¢, and to
do this, we shall show that

el?'"Je'r'?flJ‘"7f57g17"‘)gt

is a basis of W 4+ Wy. Certainly they all lie in Wy + Wha.
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First we show that they span W1 + Ws. Any v € W1 + Ws is equal to wy + wo
for some wy € Wy, wy € W5, So we can write

w1 =aie; + -+ e + Sify + -+ Bty
for some scalars a;, 3; € K, and
wo =me1+ -+ yer +0181 + 0+ iy
for some scalars ;,6; € K. Then
v=(ar+m)er + -+ (ap +y)er + Bify + o+ Bofs + d1g1 + -+ duge

and so eq,...,e.f1,...,fs,g1,...,8 span Wy + Wo.
Finally we have to show that eq,...,e., f1,...,fs,g1,..., g are linearly independ-
ent. Suppose that

aje; + -+ apep + fify +- + Bsfs + o181+ +0ige =0 (¢)
for some scalars o, 85,0, € K. Then
arer + -+ ape + Sify + -+ Befs = 0181 — - — dige (*)

The left-hand side of this equation lies in W; and the right-hand side of this equation
lies in Ws. Since the two sides are equal, both must in fact lie in Wy N Ws. Since
eq,...,e, is a basis of W N Ws, we can write the right-hand vector as

—0181 — -+ — 0@ = 1€ + -+ Yrer
for some ; € K, and so
yie1+ -+ yep + 0181 + -+ 08 = 0.

But, e1,...,e.,g1,...,8: form a basis of W, so they are linearly independent, and
hence 7, =0 for 1 <i <rand §; =0 for 1 <i < ¢t. But now, from the equation (x)
above, we get

ajer + -+ apep + Bify + -+ Bofy = 0.

Now eq,...,e., f1,...,fs form a basis of W7, so they are linearly independent, and
hence o; =0 for 1 <i<rand B; =0 for 1 <7 < s. Thus all coeflicients in equation
(¢) are zero, proving that the vectors ey, ..., e,, f1, ..., f5, g1, ..., g are linearly

independent, which completes the proof that they form a basis of Wy + Wh.
Hence

dim(W1+W2) =r4+s+t = (T+S>+(T+t)—7‘ = dim(Wl)—i—dim(Wg)—dim(Wl ﬂWQ).

O]

5 Linear transformations

When you study sets, the notion of function is extremely important. There is little
to say about a single isolated set, while functions allow you to link different sets.
Similarly, in Linear Algebra, a single isolated vector space is not the end of the story.
Things become more interesting when we connect different vector spaces by functions,
especially when these functions respect the vector space operations in some way.
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5.1 Definition and examples

Often in mathematics, it is as important to study special classes of functions as it is
to study special classes of objects. Usually these are functions which preserve certain
properties or structures. For example, continuous functions preserve which points are
close to which other points. In linear algebra, the functions which preserve the vector
space structure are called linear transformations; they are defined as follows

Definition. Let U,V be two vector spaces over the same field K. A linear trans-
formation, or linear map, from U to V is a function T': U — V such that

(i) T(uy +ug) = T(uy) + T(up) for all uy,uy € U;
(ii)) T(au) = aT'(u) for alla € K and u € U.
Notice that these two conditions are equivalent to the following single condition
T(ouy + Pug) = oI'(uy) + BT (ug) for all uj,us € U, o, B € K.
First let us state a couple of easy consequences of the definition:
Lemma 5.1. Let T: U — V be a linear map. Then
(i) T(0y) = Oy;
(ii) T(—u) = =T (u) for allueU.
Proof. For (i), the definition of linear map gives
T(0y) =T(0y +0y) = T(0y) + T(0v),

and therefore T'(0y) = Oy. For (ii), just put @« = —1 in the definition of linear
map. ]

Examples Many familiar geometrical transformations, such as projections, rota-
tions, reflections and magnifications are linear maps, and the first three examples
below are of this kind. Note, however, that a nontrivial translation is not a linear
map, because it does not satisfy 7'(0r7) = Oy.

1. Let U = R3, V = R? and define T: U — V by T((a, 3,7)) = («, ). Then
T is a linear map. This type of map is known as a projection, because of the

geometrical interpretation. 5

Note: In the future we shall just write T'(«, 3, 7) instead of T'((e, 8,7)).

2. Let U = V = R?. We interpret v in R? as a directed line vector from 0 to v
(see the examples in Section [2)), and let T'(v) be the vector obtained by rotating
v through an angle 6 anti-clockwise about the origin.

T(v)




16 10th May 2016

It is easy to see geometrically that T'(u; + uz) = T'(u1) + T(uz2) and T'(au) =
aT'(u) (because everything is simply rotated about the origin), and so 7" is a
linear map. By considering the unit vectors, we have T'(1,0) = (cos#, sin #) and
T(0,1) = (—sin6, cos @), and hence

T(a,B) =aT(1,0)+ 8T(0,1) = (awcos§ — Bsinf, asinf + S cosh).
(Exercise: Show this directly.)

3. Let U = V = R? again. Now let T(v) be the vector resulting from reflecting v
through a line through the origin that makes an angle §/2 with the z-axis.

T(v)

0/23 10

This is again a linear map. We find that 7'(1,0) = (cos#,sind) and 7(0,1) =
(sin, — cos ), and so

T(a, ) =aT(1,0) + BT(0,1) = (cvcos O + Bsinb, asinf — B cosb).

4. Let U = V = R[z], the set of polynomials over R, and let T" be differentiation;
i.e. T(p(x)) = p/(x) for p € R[z]. This is easily seen to be a linear map.

5. Let U = K]Jz], the set of polynomials over K. Every a € K gives rise to two
linear maps, shift S,: U — U, S,(f(z)) = f(z — «) and evaluation E,: U —
K, Eo(f(z)) = f(a).

The next two examples seem dull but are important!

6. For any vector space V, we define the identity map Iy : V — V by Iy(v) = v
for all v € V. This is a linear map.

7. For any vector spaces U, V over the field K, we define the zero map Oy v : U — V
by Op,v(u) = 0y for all u € U. This is also a linear map.

One of the most useful properties of linear maps is that, if we know how a linear
map U — V acts on a basis of U, then we know how it acts on the whole of U.

Proposition 5.2 (Linear maps are uniquely determined by their action on a basis).
Let U,V be vector spaces over K, let uy,...,u, be a basis of U and let vy,...,v, be
any sequence of n vectors in V. Then there is a unique linear map T: U — V with
T(u;) =v; for 1 <i<n.

Proof. Let u € U. Then, since uy,...,u, is a basis of U, by Proposition B.2] there
exist uniquely determined ag,...,a, € K with u = aju; + - + apu,. Hence, if T
exists at all, then we must have

T(u) =T(aiu; + -+ apuy) = Qv + -+ - + apVy,

and so T is uniquely determined.
On the other hand, it is routine to check that the map T: U — V defined by the
above equation is indeed a linear map, so 1" does exist. O
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5.2 Kernels and images

To any linear map U — V, we can associate a subspace of U and a subspace of V'
containing important information about the map.

Definition. Let T: U — V be a linear map. The image of T, written as im(7), is
the set of vectors v € V such that v = T'(u) for some u € U.

Definition. The kernel of T, written as ker(T"), is the set of vectors u € U such that
T(u) = Ov.

If you prefer:
im(T) ={T(u) |ueU}; ker(T) ={ue U |T(u) =0y}

Examples Let us consider the examples [[H7l above.
e In example[I] ker(T) = {(0,0,7) | v € R}, and im(T) = R.
e In example @ and B ker(7) = {0} and im(7T) = R2.

e In example Al ker(7') is the set of all constant polynomials (i.e. those of degree
0), and im(7) = R[z].

In example B ker(S,) = {0}, and im(S,) = K]|z|, while ker(E,) is the set of
all polynomials divisible by  — «, and im(E,) = K.

In example [0, ker(Iy) = {0} and im(7) = V.
e In example [ ker(0y,y) = U and im(0y,y) = {0}.
Proposition 5.3. Let T: U — V be a linear map. Then
(i) im(T') is a subspace of V;
(ii) ker(T) is a subspace of U.

Proof. For (fl), we must show that im(7) is closed under addition and scalar multi-
plication. Let vi,vy € im(7T'). Then vi = T'(u;1), ve = T'(ug) for some uj,uz € U.
By the definition of a linear map, we have

V] + vy = T(ul) + T(UQ) = T(lll + ll2) S 1m(T)
and
avy = aT(uy) =T(auy) € im(T),

so im(7') is a subspace of V.
Let us now prove (). Similarly, we must show that ker(7') is closed under addition
and scalar multiplication. Let uj,ug € ker(7"). Then, by the linearity of 7', we have

T(u; +ug) = T(u1) + (uz) = Oy + Oy = Oy
and
T(aul) = OéT(U.l) = OzOV = Ov,
so uj + ug, au; € ker(7T") and hence ker(7') is a subspace of U. O

Proposition 5.4. Let T: U — V be a linear map. Then T is injective if and only if
ker(T) = {0y }.

Proof. Proof of =-. Suppose that T is injective and let u € ker(7"). Then T'(0y) =
Oy = T'(u), so T(0y) = T(u). But T is injective so Oy = u. This proves =-.

Proof of <. Let ker(7) = 0 and assume that uj,uy € U are such that T'(u;) =
T(ug). Then Oy = T(uy) — T'(u2) = T(u; — uz). So u; —ug € ker(T) = 0 and
therefore u; — us = Oy, that is, u; = uy. This proves <. L]
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5.3 Rank and nullity

The dimensions of the kernel and image of a linear map contain important information
about it, and are related to each other.

Definition. let T: U — V be a linear map.
(i) dim(im(7)) is called the rank of T’
(ii) dim(ker(T)) is called the nullity of T

Theorem 5.5 (The rank-nullity theorem). Let U,V be vector spaces over K with U
finite-dimensional, and let T: U — V be a linear map. Then

rank(7") + nullity(7") = dim(U).

Proof. Since U is finite-dimensional and ker(7') is a subspace of U, ker(T) is finite-
dimensional. Let nullity(7') = s and let eq,...,es be a basis of ker(T'). By The-
orem[3.0] we can extend e1,...,estoabasisey,..., e f1,...,f of U. Then dim(U) =
s+ r, so to prove the theorem we have to prove that dim(im(7")) = r.

Clearly T'(e1),...,T(es), T(f1),...,T(f.) span im(7T'), and since

T(e1)=---=T(es) =0y

this implies that T'(f}), ..., T'(f,) span im(7"). We shall show that T'(f;),...,T(f;) are
linearly independent.
Suppose that, for some scalars a;, we have

O[lT(fl) + -+ OzTT(fr) = 0y

Then T'(anfy + -+ + a,f;) = Oy, so a1f; + -+ + o, f, € ker(T'). But e,...,es is a
basis of ker(7T'), so there exist scalars (; with

aify +-+a b, = prer +--- + fses = ar1fi +- - + by — fre1 — -+ — Bees = 0p.

But we know that eq,...,es, f1,...,f, form a basis of U, so they are linearly inde-
pendent, and hence
o==ap=fi= = =0,

and we have proved that T'(f;), ..., T(f;) are linearly independent.
Since T'(f1),...,T(f;) both span im(7") and are linearly independent, they form a
basis of im(U), and hence dim(im(7")) = r, which completes the proof. O

Examples Once again, we consider examples[IHZ above. Since we only want to deal
with finite-dimensional spaces, we restrict to an (n + 1)-dimensional space K[z|<, in
examples [ and [l that is, we consider T': R[z|<, — R[z]<p, So: Kz]<n — K[z]<n,
and E,: K[z]<, — K correspondingly. Let n = dim(U) = dim(V') in [6 and [

Example rank(7) nullity(7) dim(U)

il 2 1 3
2 0 2
3] 2 0 2
4 n 1 n—+1
Bl S, n+1 0 n+1
Bl £, 1 n n+1
6] n 0 n
| 0 n n
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Corollary 5.6. LetT: U — V be a linear map, and suppose that dim(U) = dim(V') =
n. Then the following properties of T are equivalent:

(i) T is surjective;
(ii) rank(T') = n;
(#3) nullity(T") = 0;
(iv) T is injective;
(v) T is bijective;

Proof. That T is surjective means precisely that im(7) = V, so [l) = (@). But if
rank(7") = n, then dim(im(7")) = dim(V') so (by Corollary B.9)) a basis of im(7") is a
basis of V', and hence im(7") = V. Thus [{l) < ().

That () < (@) follows directly from Theorem

The equivalence () < (i) is Proposition (.4

Finally, (@) is equivalent to () and (iv]), which we have shown are equivalent to
each other. O

Definition. If the conditions in the above corollary are met, then 7T is called a non-
singular linear map. Otherwise, T is called singular. Notice that the terms singular
and non-singular are only used for linear maps T: U — V for which U and V have
the same dimension.

5.4 Operations on linear maps

We can define the operations of addition, scalar multiplication and composition on
linear maps.
Let T': U -V and Ts: U — V be two linear maps, and let o € K be a scalar.

Definition (Addition of linear maps). We define a map
W+ T:U—-V
by the rule (71 + T5)(u) = T1(u) + Tz (u) for u € U.
Definition (Scalar multiplication of linear maps). We define a map
aly: U=V
by the rule (aT7)(u) = o71(u) foru e U.
Now let T1: U — V and T5: V — W be two linear maps.

Definition (Composition of linear maps). We define a map
T2T11 U—-Ww
by (T5171)(u) = To(T1(u)) for u € U.

In particular, we define 72 = T'T and T"' = T'T for i > 2 whenever T is a map
from U to itself.

It is routine to check that T} + 15, o1} and 1571} are themselves all linear maps
(but you should do it!).

For fixed vector spaces U and V over K, we denote by Homg(U,V) the set
of all linear maps from U to V. Note that the operations of addition and scalar
multiplication on elements of Homg (U, V), i.e. linear maps, that we just defined
make Hompg (U, V') into a vector space over K.
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Given a vector space U over a field K, the vector space U* = Homg (U, K) plays
a special role. It is often called the dual space or the space of covectors of U. One can
think of coordinates as elements of U*. Indeed, let e; be a basis of U. Every x € U
can be uniquely written as

X =q1e1 +...ane,, o; € K.

The elements «; depend on x as well as on a choice of the basis, so for each i one can
write the coordinate function

e U — K, e'(x) = .

It is routine to check that €’ is a linear map, and indeed the functions e’ form a basis
of the dual space U*.

6 Matrices

The material in this section will be familiar to many of you already, at least when K
is the field of real numbers.

Definition. Let K be a field and m,n € N. An m x n matriz A over K is an m x n
rectangular array of numbers (i.e. scalars) in K. The entry in row ¢ and column j is
often written o;;. (We use the corresponding Greek letter.) We write A = (o) to
make things clear.

For example, we could take

2 -1 -7 0
K=R, m=3 n=4, A= ()= 3 -3/2 0 6],
—-123 0 1019 0

and then a3 = —m, ags = 100, a3y = 0, and so on.

Having defined what matrices are, we want to be able add them, multiply them
by scalars, and multiply them by each other. You probably already know how to do
this, but we will define these operations anyway.

Definition (Addition of matrices). Let A = (a;;) and B = (f;;) be two m x n
matrices over K. We define A + B to be the m x n matrix C' = (v;;), where 7;; =

Oéij—l—ﬁij for all 1,7.
18\, (=2 =8} _ (-1 -0
0 2 1 —-4) \1 =2/

Definition (Scalar multiplication of matrices). Let A = (a;;) be an m x n matrix
over K and let 8 € K be a scalar. We define the scalar multiple SA to be the m x n
matrix C' = (v;5), where v;; = Bay; for all 4, j.

Example.

Definition (Multiplication of matrices). Let A = (a;;) be an I x m matrix over K
and let B = (f;;) be an m x n matrix over K. The product AB is an [ x n matrix
C = (7ij) where, for 1 <i<land 1< j <n,

m
Yij = Z ik Brj = a1 + B + - + Qi Bmy-
k=1

It is essential that the number m of columns of A is equal to the number of rows of
B; otherwise AB makes no sense.
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If you are familiar with scalar products of vectors, note also that ~;; is the scalar
product of the ith row of A with the jth column of B.

Example. Let

2 6
i (20 ne (i
19
Then
AB — 2x24+3x3+4x1 2x6+3x2+4x9\ (17 54
S \Ix246x34+2x1 1x64+6x2+2x9/)  \22 36/
10 42 20
BA=1|8 21 16
11 57 22
231
Let C = 629 . Then AC and C'A are not defined.
12 . 4 15 8
LetD—(O 1>.The1r1 AD is not defined, but DA—(1 6 2>.

Proposition 6.1. Matrices satisfy the following laws whenever the sums and products
mvolved are defined:

(i) A+ B=DB+ A;
(ii) (A+ B)C = AC + BC;
(iii) C(A+ B) = CA+ CB;
(iv) (A\A)B = \(AB) = A(AB);
(v) (AB)C = A(BC).

Proof. These are all routine checks that the entries of the left-hand sides are equal
to the corresponding entries on the right-hand side. Let us do (@) as an example.

Let A, B and C be Il x m, m X n and n X p matrices, respectively. Then AB =
D = (6;5) is an | x n matrix with d;; = Y " | a;s0sj, and BC = E = (g4;) is an m X p
matrix with ;; = > ;| Biryj. Then (AB)C = DC and A(BC) = AFE are both [ X p
matrices, and we have to show that their coefficients are equal. The (4, j)-coefficient
of DC'is

n

n m m n m
Z 0itVtj = Z(Z Qs Bst)Vej = Z ais(z BstVij) = Z QisEsj
=1 =1 =1 =1

t=1 s=1
which is the (4, j)-coefficient of AE. Hence (AB)C = A(BC). O
There are some useful matrices to which we give names.

Definition. The m x n zero matriz 0,,, over any field K has all of its entries equal
to 0.

Definition. The n x n identity matriz I, = (oy;) over any field K has a;; = 1 for
1 <i<mn,but a;; =0 when ¢ # j.

Example.

Lo 100
I = (1), 12=<0 1), I={010
001

Note that I,,A = A for any n X m matrix A and Al, = A for any m X n matrix A.
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The set of all m x n matrices over K will be denoted by K™"™. Note that K™ is
itself a vector space over K using the operations of addition and scalar multiplication
defined above, and it has dimension mn. (This should be obvious — is it?)

A 1 x n matrix is called a row vector. We will regard K" as being the same as
K"

A n x 1 matrix is called a column vector. We will denote the the space K™! of

all column vectors by K™!. In matrix calculations, we will use K™! more often than
K"

7 Linear transformations and matrices

We shall see in this section that, for fixed choice of bases, there is a very natural
one-one correspondence between linear maps and matrices, such that the operations
on linear maps and matrices defined in Chapters [ and [@] also correspond to each
other. This is perhaps the most important idea in linear algebra, because it enables
us to deduce properties of matrices from those of linear maps, and vice-versa. It also
explains why we multiply matrices in the way we do.

7.1 Setting up the correspondence

Let T: U — V be a linear map, where dim(U) = n, dim(V) = m. Suppose that we
are given a basis £ = {ej1,...,e,} of U and a basis F = {f},...,f,} of V.

Now, for 1 < j < n, the vector T'(e;) lies in V, so T'(e;) can be written uniquely
as a linear combination of fy,..., f,. Let

T(e1) = anfi + aoifo + -+ + amifi,
T(e2) = aofi + aoofo + -+ - + amafin
T(en) = alnfl + a2nf2 + -+ amnfm

where the coefficients o;; € K (for 1 <i <m, 1 < j < n) are uniquely determined.
Putting it more compactly, we define scalars a;; by

m
T(ej) = ayffor 1<j<n.
=1

The coefficients «;; form an m x n matrix

Q11 Q12 - Qp

Qo1 Q2 e Qo
A p—

Aml Qm2 *° Qmp

over K.

Definition. This matrix A is called the matrix of the linear map T with respect to
the chosen bases E of U and F of V. We will denote A by [F, T, E], or [FTE].

In general, different choice of bases gives different matrices. We shall address this
issue later in the course, in Section [I1l

Notice the role of individual columns in A. The jth column of A consists of the
coordinates of T'(e;) with respect to the basis fi,...,f,, of V.
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Theorem 7.1. Let U,V be vector spaces over K of dimensions n,m, respectively.
Then, for a given choice of bases of U and V', there is a one-one correspondence
between the set Homg (U, V) of linear maps U — V and the set K™" of m X n
matrices over K.

Proof. As we saw above, any linear map T: U — V determines an m X n matrix A
over K.

Conversely, let A = (a;j) be an m x n matrix over K. Then, by the existence
statement in Proposition[5.2] there is a linear map T': U — V with T'(e;) = 1" | au;f;
for 1 < j < n. This shows that the above correspondence is onto. Moreover, by the
uniqueness statement in Proposition (2] this correspondence is injective. Thus it is
one-one. O

Examples Once again, we consider our examples from Section [l

1. T: R® = R? T(a, 3,7) = (a, B). Usually, we choose the standard bases of K™
and K", which in this case are e; = (1,0,0), e2 = (0,1,0), e = (0,0,1) and
fi = (1,0), £ = (0,1). We have T'(e1) = f1, T(e2) = f2, T(e3) = 0, and the

matrix is
100
010/

But suppose we chose different bases, say e; = (1,1,1), e = (0,1,1), ez =
(1,0,1), and f; = (0,1), f2 = (1,0). Then we have T'(e;) = (1,1) = f; + f5,
T(e2) = (0,1) =f1, T'(e3) = (1,0) = f5, and the matrix is

110
101)/)°
2. T:R? — R?, T is a rotation through @ anti-clockwise about the origin. We saw

that 7'(1,0) = (cos#,sinf) and T(0,1) = (—sinf,cosf), so the matrix using

the standard bases is
cosf —sind
sinf cosf )

3. T: R? — R2% T is a reflection through the line through the origin making an
angle 0/2 with the z-axis. We saw that T'(1,0) = (cos#,sin6) and 7°(0,1) =
(sinf, — cos #), so the matrix using the standard bases is

cosf sinf
sinf —cosf) "

4. This time we take the differentiation map T' from R[z]<, to R[z]<,—1. Then,
with respect to the bases 1,z,2%,...,2" and 1,z,22,...,2"" ! of R[z]<, and
R[z]<p—1, respectively, the matrix of T is

0100 - 0 O
0020 - 0 O
0003 - 0 0
0000 ---n-10
0000 - 0 n
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5. Let Sq: K[z]<, — K[z]<n be the shift. With respect to the basis 1, z, 22, ..., 2"
of K[z|<p, we calculate S,(z") = (x — ). The binomial formula gives the
matrix of S,

1 —a o® - (=1)™a™

0 1 —2a -+ (=1)"tpan!

0 0 1 ... (,1)n—2@an—2
0 0 o - —no

oo o0 - 1

In the same basis of K[z]<, and the basis 1 of K, E,(z") = o". The matrix of
E, is
(1 aa® - ot an).

6. T:V — V is the identity map. Notice that U = V in this example. Provided
that we choose the same basis for U and V, then the matrix of T is the n X n
identity matrix I,,. We shall be considering the situation where we use different
bases for the domain and range of the identity map in Section [Tl

7. T: U — V is the zero map. The matrix of T" is the m X n zero matrix 0,,,,
regardless of what bases we choose. (The coordinates of the zero vector are all
zero in any basis.)

We now connect how a linear transformation acts on elements of a vector space
to how its matrix acts on their coordinates.
For the given basis eq,...,e, of U and a vector u= Aje; +---+ \,e, € U, let u
denote the column vector
A1

A2
e K™

I=
I

An
whose entries are the coordinates of u with respect to that basis. Similarly, for the
given basis fi,...,f,, of V and a vector v = uif; + - 4+ unf, € V, let v denote the
column vector
M1
P2 e g

<
I

M
whose entries are the coordinates of v with respect to that basis.

Proposition 7.2. Let T: U — V be a linear map, let E be a basis of U, and F a
basis of V.. Let u and v be the column vectors of coordinates of two vectors u € U

and v € V' with respect to the basis E and F' respectively. Then T'(u) = v if and only
if [F,T,Elu=v. In other words, T'(u) = [F,T, E]u.

Proof. Writing the entries of the matrix [F, T, E] as «;;, we have

T(u) = T(Z Aj€j) = Z AT (ej) = EM’(Z a;if;) = Z(Z A )E = Z#z’fm
=1 =1 =1 = i=1 j=1 i=1

where u; = 2?21 a;jA; is the entry in the ith row of the column vector [F, T, E]u.
This proves the result. O
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What is this proposition really telling us? One way of looking at it is this. Choos-
ing a basis for U gives every vector in U a unique set of coordinates. Choosing a
basis for V' gives every vector in V a unique set of coordinates. Now applying the
linear transformation 7' to u € U is “the same” as multiplying its column vector
of coordinates by the matrix [F,T, E] representing T, as long as we interpret the
resulting column vector as coordinates in V' with respect to our chosen basis.

Of course, choosing different bases will change the matrix [F, T, E], and will change
the coordinates of both u and v. But it will change all of these quantities in exactly
the right way that the theorem still holds.

7.2 The correspondence between operations on linear maps and
matrices

Let U, V and W be vector spaces over the same field K, let dim(U) = n, dim(V) = m,
dim(W) = [, and choose fixed bases e1,...,e, of U and f, ..., f,, of V,and g1,...,g
of W. All matrices of linear maps between these spaces will be written with respect
to these bases.

We have defined addition and scalar multiplication of linear maps, and we have
defined addition and scalar multiplication of matrices. We have also defined a way
to associate a matrix to a linear map. It turns out that all these operations behave
together in the way we might hope.

Proposition 7.3. 1. LetT1,T5: U — V be linear maps with corresponding matrices
A, B respectively. Then the matriz of Th + 15 is A+ B. In other words, we have

[F7T1+T2;E] = [F7T17E]+[F7T27E]'

2. Let T: U — V be a linear map with corresponding matriz A and let A € K be
a scalar. Then the matriz of XT' is AA. In other words, we have

[F,\T,E] = \|[F, T, E]

Proof. These are both straightforward to check, using the definitions, as long as you
keep your wits about you. Checking them is a useful exercise, and you should do
it. O

Note that the above two properties imply that the natural correspondence between
linear maps and matrices is actually itself a linear map from Homg (U, V) to K™™.

Composition of linear maps corresponds to matrix multiplication. This time the
correspondence is less obvious, and we state it as a theorem.

Theorem 7.4. LetT1:V — W and To: U — V be linear maps. Fizx bases E, F and
G of the spaces U,V and W respectively, and let A = (oy;) = [G,T1,F) and B =
(Bij) = [F, Ty, E] be the corresponding matrices. Then the matriz of the composite
map T1T5: U — W is AB. In other words, we have

(G, T\Ty, E] = [G, T}, F|[F, Ty, E).

Proof. Let n := dim(U),m := dim(V),l := dim(W). Let AB be the | x n matrix
(745)- Then by the definition of matrix multiplication, we have 7, = Z;n:l ;i1 for
1<i<l1<k<n.

Let us calculate the matrix of T775. We have

TiTh(ex) = Ti(Ta(ex)) = Th Zﬂjkf Zﬁjle Zﬁgkzamgz

m
= Z Zazjﬁjk g = Z%kgza

=1
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so the matrix of 7175 is (;x) = AB as claimed. O
Exercise: Give another proof of the last theorem using Proposition

Examples Let us look at some examples of matrices corresponding to the compos-
ition of two linear maps.

1. Let Ry: R? — R? be a rotation through an angle 6 anti-clockwise about the
origin.  We have seen that the matrix of Ry (using the standard basis) is
cosf) —sinf
<sin9 cos
check the corresponding result for matrices:

cos¢ —sing\ (cosf —sinf

sing cos ¢ sinf cosf
_ [cosgcosf —singsinf — cos psinf — sin ¢ cos
~ \singcosf + cos psinf — sin ¢ sin 6 + cos ¢ cos 0

_ <cos(d> +0) —sin(¢+ 6’))
sin(p+6) cos(p+0) )°

) . Now clearly Ry followed by Ry is equal to Rgi4. We can

Note that in this case 1175 = T57T7. This actually gives an alternative way of
deriving the addition formulae for sin and cos.

2. Let Ry be as in Example 1, and let My: R? — R? be a reflection through a line
through the origin at an angle 6/2 to the z-axis. We have seen that the matrix
cosf sind
f My i .
ot Mo 18 <81n9 —cos
this case, it might be easier (for some people) to work it out using the matrix
multiplication! We have

cos¢ sing cosf —sinf

sing —cos¢) \sinf cos6
_ [cosgcosf 4+ sin¢sinf — cos ¢ sin ) + sin ¢ cos 0
~ \singcosf — cos psinf) —sin ¢psinf — cos ¢ cos

> . What is the effect of doing first Ry and then My? In

~(Gutomgy e ).

which is the matrix of My_g.
We get a different result if we do first My and then Rg. What do we get then?

7.3 Linear equations and the inverse image problem

The study and solution of systems of simultaneous linear equations is the main motiv-
ation behind the development of the theory of linear algebra and of matrix operations.
Let us consider a system of m equations in n unknowns x1, s ... x,, where m,n > 1.

anxry + apry + o0+ opx, = B
a1T1 + ary + -+ agT, = [

(1)
Om1T1 + amaTa + o+ nTn = Bm

All coefficients «;; and 3; belong to K. Solving this system means finding all collec-
tions x1,x3 . ..x, € K such that the equations (1) hold.
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Let A = (a;5) € K™"™ be the m x n matrix of coefficients. The crucial step is to
introduce the column vectors

T B
X = :1312 e K™t and b = B:Z e K™t
2 Bm
This allows us to rewrite system (1) as a single equation
Ax=Db (2)

where the coefficient A is a matrix, the right hand side b is a vector in K™™' and the
unknown x is a vector K™!.

Using the notation of linear maps, we have just reduced solving a system of linear
equations to the inverse image problem. That is, given a linear map T: U — V, and
a fixed vector v € V, find all u € U such that T'(u) = v.

In fact, these two problems are equivalent! In the opposite direction, let us first
forget all about A, x and b, and suppose that we are given an inverse image problem
to solve. Choose bases E of U and F of V' and denote by A the corresponding matrix
[F, T, E]. Also denote the row vector of coordinates of u (with respect to E) by x
and the row vector of coordinates of v (with respect to F') by b. Proposition then
says that T'(u) = v if and only if Ax = b. This reduces the inverse image problem
to solving a system of linear equations.

Let us make several easy observations about the inverse image problem.

The case when v = 0 or, equivalently when §; = 0 for 1 < ¢ < m, is called
the homogeneous case. Here the set of solutions is {u € U | T'(u) = 0}, which is
precisely the kernel ker(T') of T. The corresponding set of column vectors x € K™!
with Ax = 0 is called the nullspace of the matrix A. These column vectors are the
coordinates of the vectors in the kernel of T', with respect to our chosen basis for U.
So the nullity of A is the dimension of its nullspace.

In general, it is easy to see (and you should work out the details) that if x is one
solution to a system of equations, then the complete set of solutions is equal to

x + nullspace(A) = {x +y | y € nullspace(A)}.

It is possible that there are no solutions at all; this occurs when v ¢ im(T). If
there are solutions, then there is a unique solution precisely when ker(7") = {0}, or
equivalently when nullspace(A) = {0}. If the field K is infinite and there are solutions
but ker(T') # {0}, then there are infinitely many solutions.

Now we would like to develop methods for solving the inverse image problem.

8 Elementary operations and the rank of a matrix

8.1 Gauss transformations

There are two standard high school methods for solving linear systems: the sub-
stitution method (where you express variables in terms of the other variables and
substitute the result in the remaining equations) and the elimination method (some-
times called the Gauss method). The latter is usually faster, so we will concentrate
on it. Let us recall how it is done.

Examples Here are some examples of solving systems of linear equations by the
elimination method.
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1.
2 +y=1 (1)
do+2y=1 (2)
Replacing (2) by (2) —2 x (1) gives 0 = —1. This means that there are no

solutions.

2.
2e+y=1 (1)
dr+y=1 (2)

Replacing (2) by (2) — (1) gives 2z = 0, and so z = 0. Replacing (1) by
(1) — 2 x (new 2) gives y = 1. Thus, (0,1) is a unique solution.

2r+y=1 (1)
dr+2y =2 (2)

This time (2) — 2 x (1) gives 0 =0, so (2) is redundant.

After reduction, there is no equation with leading term gy, which means that
y can take on any value, say y = a. The first equation determines x in terms
of y, giving x = (1 — «)/2. So the general solution is (z,y) = ((1 — @) /2, @),
meaning that for each a € R we find one solution (x,y). There are infinitely
many solutions.

Notice also that one solution is (z,y) = (1/2,0), and the general solution can
be written as (x,y) = (1/2,0) + a(—1/2,1), where a(—1/2,1) is the solution of
the corresponding homogeneous system 2z +y = 0; 4x + 2y = 0.

4.
T4y + oz=1 (1)
T + z = 2 (2)
T —y+ z=3 (3)
3z +y + 3z =5 (4)

Now replacing (2) by (2) — (1) and then multiplying by —1 gives y = —1.
Replacing (3) by (3) — (1) gives —2y = 2, and replacing (4) by (4) — 3 x (1)
also gives —2y = 2. So (3) and (4) both then reduce to 0 = 0, and they are
redundant.

z does not occur as a leading term, so it can take any value, say «, and then
(2) gives y = —1 and (1) gives x =1 —y — z = 2 — «, so the general solution is

(x,y,2) = (2—a,—1,a) = (2,—-1,0) + a(—1,0,1).

8.2 Elementary row operations

Many types of calculations with matrices can be carried out in a computationally
efficient manner by the use of certain types of operations on rows and columns. We
shall see a little later that these are really the same as the operations used in solving
sets of simultaneous linear equations.

Let A be an m x n matrix over K with rows rq,rs,...,r, € KUY . The three
types of elementary row operations on A are defined as follows.
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(R1) For some ¢ # j, add a multiple of r; to r;.

319 3 1 9
Example: [4 6 7| 220379, | 4 6 7
258 -7 2 —19
(R2) Interchange two rows
(R3) Multiply a row by a non-zero scalar.
2 0 5 2 0 5
Example: [1 —2 3] 2222 [4 —8 12
5 1 2 5 1 2

8.3 The augmented matrix

We would like to make the process of solving a system of linear equations more
mechanical by forgetting about the variable names w,x,y, z, etc. and doing the
whole operation as a matrix calculation. For this, we use the augmented matriz of
the system of equations, which is constructed by “glueing” an extra column on the
right-hand side of the matrix representing the linear transformation, as follows. For
the system Ax = 8 of m equations in n unknowns, where A is the m x n matrix (ay;)
is defined to be the m x (n + 1) matrix

a11 12 - Ulp 51

Qo1 Qo o Qop | B2
A= ) ) )

Qml m2  Omp | Bm

The vertical line in the matrix is put there just to remind us that the rightmost
column arised from the constants on the right hand side of the equations.

Let us look at the following system of linear equations over R: suppose that we
want to find all w,z,y, z € R satisfying the equations.

2w - z + 4y - z = 1
w4+ 2r + y + z =

w — 3x + 3y — 2z = —1
3w — x — 5y = -3 .

Elementary row operations on A are precisely Gauss transformations of the corres-
ponding linear system. Thus, the solution can be carried out mechanically as follows:

Matrix Operation(s)

2 -1 4 -1 1
1 2 1 1] 2
1 -3 3 -2|-1
-3 -1 -5 0|-3

r —>I‘1/2

1 -1/2 2 —-1/2|1/2
1 2 1 1 2
1 -3 3 -2|-1
-3 -1 -5 0]-3

o —>TI9—Try, T3 —>T3—7T), Iy —> Ty~ 3r]
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Matrix Operation(s)

1 -1/2 2 —-1/2| 1/2
0 5/2 -1 3/2| 3/2
0 —5/2 1 —3/2|-3/2
0 -5/2 1 —3/2|-3/2

rs —>r3+7ro, ry —rq4+19

1 -1/2 2 —1/2[1/2
0 5/2 -1 3/2[3/2
0 0 0 0 0
0O 0 0 0 0

ro — 21‘2/5

1 -1/2 2 —1/2]1/2
0 1 -2/5 3/5(3/5
o 0 0 0| 0
o 0 0 0| 0

T —>r1+r2/2

10 9/5 —1/5[4/5
01 -2/5 3/53/5
00 0 0] 0
00 0 0| 0

The original system has been transformed to the following equivalent system, that
is, both systems have the same solutions.

{w + 9y/5 — z/5 = 4/5
x — 2/5 + 32/5 = 3/5

In a solution to the latter system, variables y and z can take arbitrary values in
R; say y = «, 2z = 3. Then the equations tell us that w = —9a/5 + 3/5 4+ 4/5 and
x =2a/5—38/5+3/5 (be careful to get the signs right!), and so the complete set of
solutions is

(w,z,y,2) = (—9a/5+ 5/5+4/5,2a/5 — 38/5+ 3/5,, B)
— (4/5,3/5,0,0) + a(—=9/5,2/5,1,0) + B(1/5,—3/5,0, 1).

8.4 Row reducing a matrix

Let A = (o) be an m x n matrix over the field K. For the ith row, let ¢(i) denote the
position of the first (leftmost) non-zero entry in that row. In other words, a; ;) # 0
while o;; = 0 for all j < ¢(¢). It will make things a little easier to write if we use the
convention that ¢(i) = oo if the ith row is entirely zero.

We will describe a procedure, analogous to solving systems of linear equations
by elimination, which starts with a matrix, performs certain row operations, and
finishes with a new matrix in a special form. After applying this procedure, the
resulting matrix A = («a;;) will have the following properties.

(i) All zero rows are below all non-zero rows.

(ii) Let ry,...,rs be the non-zero rows. Then each r; with 1 < i < s has 1 as its
first non-zero entry. In other words, ; .;y =1 for all ¢ < s.

(iii) The first non-zero entry of each row is strictly to the right of the first non-zero
entry of the row above: that is, ¢(1) < ¢(2) < -+ < ¢(s).
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(iv) If row ¢ is non-zero, then all entries below the first non-zero entry of row i are
zero: ay ;) = 0 for all k > 4.

Definition. A matrix satisfying properties (il)—([xl) above is said to be in upper echelon
form.

Example. The matrix we came to at the end of the previous example was in upper
echelon form.

There is a stronger version of the last property:

(v) If row 7 is non-zero, then all entries both above and below the first non-zero
entry of row i are zero: ay, ;) = 0 for all k # 1.

Definition. A matrix satisfying properties (i) (W) is said to be in row reduced form.

An upper echelon form of a matrix will be used later to calculate the rank of
a matrix. The row reduced form (the use of the definite article is intended: this
form is, indeed, unique, though we shall not prove this) is used to solve systems of
linear equations. In this light, the following theorem says that every system of linear
equations can be solved by the Gauss (Elimination) method.

Theorem 8.1. Every matriz can be brought to row reduced form by elementary row
transformations.

Proof. We describe an algorithm to achieve this. For a formal proof, we have to
show:

(i) after termination the resulting matrix has a row reduced form;
(ii) the algorithm terminates after finitely many steps.

Both of these statements are clear from the nature of the algorithm. Make sure that
you understand why they are clear!

At any stage in the procedure we will be looking at the entry «;; in a particular
position (,7) of the matrix. We will call (4, j) the pivot position, and «;; the pivot
entry. We start with (¢, 7) = (1,1) and proceed as follows.

1. If a;; and all entries below it in its column are zero (i.e. if ay; = 0 for all k > 1),
then move the pivot one place to the right, to (i,j + 1) and repeat Step [, or
terminate if j = n.

2. If aj; = 0 but ay,; # 0 for some k > 7 then apply row operation (R2) to interchange
r; and r.

3. At this stage a;; # 0. If o # 1, then apply row operation (R3) to multiply r; by
-1
o

4. At this stage o;; = 1. If, for any k # 4, ay; # 0, then apply row operation (R1),
and subtract ay; times r; from ry.

5. At this stage, ay; = 0 for all £ # 4. If i = m or j = n then terminate. Otherwise,
move the pivot diagonally down to the right to (i+1,7+1), and go back to Step[Il

O]

If one needs only an upper echelon form, this can done faster by replacing steps 4]
and Bl with weaker and faster steps as follows.

4a. At this stage a;; = 1. If, for any k > i, agj # 0, then apply (R1), and subtract
ayj times r; from ry.
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5a. At this stage, ag; = 0 for all k > . If i = m or j = n then terminate. Otherwise,
move the pivot diagonally down to the right to (i+1, j+1), and go back to Step[Il

In the example below, we find an upper echelon form of a matrix by applying the
faster algorithm. The number in the ‘Step’ column refers to the number of the step
applied in the description of the procedure above.

Example Let A =

= W N O
N O = O

W W N =
|
W W N~

Matrix Pivot Step Operation

ry <> Iro

= w N O
N O = O

W W N =
|
(@)
W W N =
—
[—
[—
S~—
[\V]

(1,1) 3 I‘1—>I‘1/2

= W O N

N O DO

W W = N
&

W W = N

r3 — rs3 — 3r]

(1,1) 4
ry —r4 —1r1

— W o =

N OO

W W = =
&

W W = =

(1,1) - (2,2) - (2,3) 5,1

SO O
O O O N
N O = =
N O ==

(27 3) 4 ry —ry — 210

OO O N
N O ==
NN O =

(2,3) — (3,4) 5, 2 r3 <> Iy

OO O =
OO O N
SO = =
O O = =

(3,4) — (4,5) —» stop 5,1

— — — —
OO O

OO O =
O O O NN
S O ==
O O ==

This matrix is now in upper echelon form.
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8.5 Elementary column operations

In analogy to elementary row operations, one can introduce elementary column oper-
ations. Let A be an m x n matrix over K with columns ¢, co,...,c, as above. The
three types of elementary column operations on A are defined as follows.

(C1) For some ¢ # j, add a multiple of c; to c;.

319 310
Example: [4 6 7| 22973 (4 6 —5
258 25 2
(€2) Interchange two columns.
(C3) Multiply a column by a non-zero scalar.
2 05 2 05
Example: [1 —2 3] 2222 (1 -8 3
5 1 2 5 4 2

Elementary column operations change a linear system and cannot be applied to
solve a system of linear equations. However, they are useful for reducing a matrix to
a very nice form.

Theorem 8.2. By applying elementary row and column operations, a matriz can be
brought into the block form
( Is ‘ Os,nfs )
Omfs,s Omfs,nfs ’

where, as in Section [0, I; denotes the s X s identity matriz, and Oy the k X [ zero
matriz.

Proof. First, use elementary row operations to reduce A to row reduced form.
Now all a; ;; = 1. We can use these leading entries in each row to make all the
other entries zero: for each «;; # 0 with j # (i), replace c; with ¢; — ajjc.(;)-

Finally the only nonzero entries of our matrix are a;.; = 1. Now for each
number ¢ starting from ¢ = 1, exchange ¢; and c(;), putting all the zero columns at
the right-hand side. O

Definition. The matrix in Theorem is said to be in row and column reduced
form, which is also called Smith normal form.

Let us look at an example of the second stage of procedure, that is, after reducing
the matrix to the row reduced form.

Matrix Operation
12001

00102 cy — €2 — 2¢y
00013 C5 — C5 — Cp
00000

10000

00102 Co <> C3
00013 C5 — C5 — 3¢y
00000
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Matrix Operation
10000
01002 C3 <> Cy
00010 C5 — C5 — 2C2
00000
10000
01000
00100
00000

Now we would like to discuss the number s that appears in Theorem R.2] that is,
the number of non-zero entries in the Smith normal form. Does the initial matrix
uniquely determine this number? Although we have an algorithm for reducing a mat-
rix to Smith normal form, there will be other sequences of row and column operations
which also put the matrix into Smith normal form. Could we maybe end up with
a different number of non-zero entries depending on the row and column operations
used?

8.6 The rank of a matrix

Let A be an m x n matrix over K. We shall denote the m rows of A, which are row
vectors in K™, by ry,rs,...,r,,, and similarly, we denote the n columns of A, which
are column vectors in K™!, by c1,ca,...,Cp.

Definition. 1. The row space of A is the subspace of K™ spanned by the rows
ri,...,r, of A. The row rank of A is the dimension of the row space of A.
Equivalently, by Corollary B.9] the row rank of A is equal to the size of the
largest linearly independent subset of ry, ..., 1,,.

2. The column space of A is the subspace of K™! spanned by the columns ¢, ..., ¢,
of A. The column rank of A is the dimension of the column space of A. Equival-
ently, the column rank of A is equal to the size of the largest linearly independent
subset of ¢q,...,cy,.

There is no obvious reason why there should be any particular relationship between
the row and column ranks, but in fact it will turn out that they are always equal.
Example Consider the matrix

1 2 0 1 1\rg
A= 2 4 1 3 0 |ro
4 8 0 4 4 /)r3

Ci C2 C3 C4 Cj

We can calculate the row and column ranks by applying the sifting process (de-
scribed in Section B]) to the row and column vectors, respectively.

Doing rows first, r1 and ro are linearly independent, but r3 = 4ry, so the row
rank is 2.

Now doing columns, co = 2¢1, ¢4 = ¢1 +c¢3 and ¢5 = ¢1 — 2c3, so the column rank
is also 2.

We now show that the column rank is the same as the rank of the associated
linear map 7.
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Theorem 8.3. Suppose that the matrix A corresponds to a linear map T : U — V.
Then rank(T) is equal to the column rank of A.

Proof. Let eq,...,e, be a basis of U and fi,...,f, a basis of V. By the definition of
the correspondence between linear maps and matrices, which we saw in Section [[.1]
the columns cq,...,c, of A are precisely the column vectors of coordinates of the
vectors T'(e1),...,T(e,), with respect to the basis fi, ..., f, of V.

We claim that the vectors T'(e1),...,T(e,) span im(7). Indeed, for every v €
im(7'), there is u € U such that v = T'(u). Writing u in terms of the basis ey, ..., ey,
and using the definition of a linear map, we have

v=T(u)=T(vie1+ ... +ane,) =1L (e1) + ...+ a,T(en),

which means that v is a linear combination of the T'(e;), proving our claim.

By Theorem B35 the sifted subsequence of the vectors T'(e;) forms a basis of
im(T"). By definition, rank(T") is the size of that subsequence. Similarly, the sifted
subsequence of the column vectors c; forms a basis of the column space of A. By
definition, the column rank of A is the size of that subsequence. Since the c; are pre-
cisely the column vectors corresponding to the T'(e;), the sifted subsequences coincide,
proving the statement. O

Theorem 8.4. Applying elementary row operations (R1), (R2) or (R3) to a matriz
does not change the row or column rank. The same is true for elementary column
operations (C1), (C2) and (C3).

Proof. We will prove first that the elementary row operations do not change either
the row rank or column rank.

The row rank of a matrix A is the dimension of the row space of A, which is the
space of linear combinations Airj + - - -+ A,y of the rows of A. It is easy to see that
(R1), (R2) and (R3) do not change this space, so they do not change the row-rank.
(But notice that the scalar in (R3) must be non-zero for this to be true!)

The column rank of A = (a;;) is the size of the largest linearly independent subset
of ci,...,cp. Let {c1,...,cs} be some subset of the set {cy,...,c,} of columns of A.
(We have written this as though the subset consisted of the first s columns, but this
is just to keep the notation simple; it could be any subset of the columns.)

Then cq, ..., cs are linearly dependent if and only if there exist scalars z1,...,zs €
K, not all zero, such that zicq + zoco + -+ + xs¢s = 0. If we write out the m
components of this vector equation, we get a system of m linear equations in the
scalars z; (which is why we have suddenly decided to call the scalars z; rather than
Ai).

a11x1 + agoxe + -+ @155 = 0

Q211 + QX9 + -+ - + Qogkg = 0

1 T1 + QpaTo + -+ -+ Qs = 0

Now if we perform (R1), (R2) or (R3) on A, then we perform the corresponding
operation on this system of equations. That is, we add a multiple of one equation
to another, we interchange two equations, or we multiply one equation by a non-zero
scalar. None of these operations change the set of solutions of the equations. Hence if
they have some solution with the z; not all zero before the operation, then they have
the same solution after the operation, and the other way round: if they have some
non-zero solution after the operation, then they had the same solution before the
operation. In other words, the elementary row operations do not change the linear
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dependence or independence of the set of columns {cy,...,cs}. Thus they do not
change the size of the largest linearly independent subset of c1, ..., c,, so they do not
change the column rank of A.

The proof for the column operations (C1), (C2) and (C3) is the same with rows
and columns interchanged. O

Corollary 8.5. Let s be the number of non-zero rows in the Smith normal form of a
matriz A (see Theorem[83). Then both the row rank of A and the column rank of A
are equal to s.

Proof. Since elementary operations preserve ranks, it suffices to find both ranks of a
matrix in Smith normal form. But it is easy to see that the row space is precisely the
space spanned by the first s standard vectors and hence has dimension s. Similarly
the column space has dimension s. O

In particular, Corollary establishes that the row rank is always equal to the
column rank. This allows us to forget this distinction. From now we shall just talk
about the rank of a matriz.

Corollary 8.6. The rank of a matriz A is equal to the number of non-zero rows after
reducing A to upper echelon form or row reduced form.

Proof. Firstly, note that the number of non-zero rows after reducing A to upper
echelon form is the same as the number of non-zero rows after reducing to row reduced
form.

Having row reduced A, we can reach the Smith normal form by applying some
of the column operations (C1), (C2) and (C3) (see the proof of Theorem [B2]). We
claim that these operations cannot change the number of non-zero rows. Indeed, it
is easy to check that if a row r; has at least one non-zero entry, then it will still have
at least one one non-zero entry after applying any of the operations (C1), (C2) and
(C3), and if r; has only zero entries then it will still have only zero entries after the
operation.

This means that the number of non-zero rows in the row reduced form of A equals
the number of non-zero rows in the Smith normal form of A. By Corollary and
the remark after it, this number is the rank of A.

O
Corollary gives the most efficient way of computing the rank of a matrix. For
12011
instance, let us lookat A={2 4 1 3 0
48152
Matrix Operation
12011 e o
24130| 27T
48152 S
1201 1
0011 -2 rs — I3 —1I2
0011 -2
12 1 1
011 -2
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Since the resulting matrix in upper echelon form has 2 nonzero rows, rank(A) = 2.

8.7 The rank criterion

The following theorem is proved in Assignment Sheet 6.

Theorem 8.7. Let A be the augmented n x (m + 1) matriz of a linear system. Let
B be the n x m matriz obtained from A by removing the last column. The system of
linear equations has a solution if and only if rank(A) = rank(B).

9 The inverse of a linear transformation and of a matrix

9.1 Definitions

Let T: U — V be a linear map. If there is a linear map 7~': V — U with TT~! = I,
and T~ 'T = Iy then T is said to be invertible, and T! is called the inverse of T.

Similarly, if A is an n x m matrix, and A~! an m x n matrix such that AA~! = I,
and A7'A = I,,,, we call A invertible, and call A~! the inverse of A.

Lemma 9.1. Let A be a matrix corresponding to the linear map T. Then T is
invertible if and only if A is invertible. The inverses T~! and A~ are unique.

Proof. Recall that, under the bijection between matrices and linear maps, multiplic-
ation of matrices corresponds to composition of linear maps (Theorem [T4]). It now
follows immediately from the definitions above that invertible matrices correspond to
invertible linear maps. This establishes the first statement.

Since the inverse map of a bijection is unique, 7! is unique. Under the bijection
between matrices and linear maps, A~! must be the matrix of 77!. Thus, A~! is
unique as well. ]

Theorem 9.2. A linear map T is invertible if and only if T is non-singular. In
particular, if T is invertible then m = n, so only square matrices can be invertible.

See Corollary for the definition of non-singular linear maps. We may also say
that the matrix A is non-singular if T is; but by this theorem, this is equivalent to A
being invertible.

Proof. If any function T" has a left and right inverse, then it must be a bijection.
Hence ker(T) = {0} and im(T") = V, so nullity(7') = 0 and rank(7") = dim(V) = m.
But by Theorem .5, we have

n = dim(U) = rank(7T) + nullity(T) =m+0=m

and we see from the definition that T is non-singular.

Conversely, if n = m and T is non-singular, then by Corollary 5.6 T is a bijection,
and so it has an inverse 77!: V — U as a function. However, we still have to
show that T—! is a linear map. Let vi,vo € V. Then there exist uj,us € U with
T(uy) = vy, T(ug) = va. So T(uj +uz) = vi+vs and hence T~ (v1 +va) = us +us.
If « € K, then

T YHavy) =T YT (auy)) = au; = T 1 (vy),

so T~ is linear, which completes the proof. O
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1 -2
Example. Let A = (; 3 (1)> and B=| 0 1 |. Then AB = I,, but BA # I3,
-2 5
S0 a non-square matrix can have a right inverse which is not a left inverse. However,
it can be deduced from Corollary (5.6l that if A is a square n X n matrix and AB = I,
then A is non-singular, and then by multiplying AB = I,, on the left by A™!, we see
that B = A~ and so BA = 1I,,.

This technique of multiplying on the left or right by A~! is often used for trans-
forming matrix equations. If A is invertible, then AX = B <= X = A™'B and
XA=B<+= X=BA™"

Lemma 9.3. If A and B are invertible n X n matrices, then AB is invertible, and
(AB)"'=B7tA~L

Proof. This is clear, because ABB™'A™! = B~1A"'AB = I,,. O

9.2 Matrix inversion by row reduction

Two methods for finding the inverse of a matrix will be studied in this course. The
first, using row reduction, which we shall look at now, is an efficient practical method
similar to that used by computer packages. The second, using determinants, is of
more theoretical interest, and will be done later in Section [I0

First, we claim that if an n x n matrix A is invertible, then it has rank n. In-
deed, this follows by combining Lemma [@.1] Theorem [@.2] Corollary ) and
Theorem B3] Consider the row reduced form B = (8;;) of A. As we saw in Sec-
tion B.6] we have B, ;) = 1 for 1 < i < n (since rank(A) = rank(B) = n), where
c(1) < ¢(2) < -+ < ¢(n), and this is only possible without any zero rows if ¢(i) = i
for 1 <i < n. Then, since all other entries in column ¢(i) are zero, we have B = I,,.
We have therefore proved:

Proposition 9.4. The row reduced form of an invertible n x n matrix A is I.

To compute A~!, we reduce A to its row reduced form I,,, using elementary row
operations, while simultaneously applying the same row operations, but starting with
the identity matrix I,,. It turns out that these operations transform I,, to A=,

In practice, we might not know whether or not A is invertible before we start, but
we will find out while carrying out this procedure because, if A is not invertible, then
its rank will be less than n, and it will not row reduce to I,,.

First we will do an example to demonstrate the method, and then we will explain
why it works. In the table below, the row operations applied are given in the middle
column. The results of applying them to the matrix

A=

N =~ W

21
13
16

are given in the left column, and the results of applying them to I3 in the right
column. So A~! should be the final matrix in the right column.

Matrix 1 Operation(s) Matrix 2

321 100
413 010
216 001
+ I’1—>I‘1/3 +
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Matrix 1 Operation(s) Matrix 2
12/3 1/3 1/3 00
4 1 3 0 10
2 1 6 0 01
: ro — ro —4ry :
\ r3 — r3 — 2r] \
1 2/3 1/3 1/3 00
0 —5/3 5/3 —-4/3 10
0 —1/3 16/3 -2/3 01
J ro — —3ry/5 3
1 2/3 1/3 1/3 0 0
1 -1 4/5 -3/5 0)
0 —1/3 16/3 -2/3 0 1
: I‘1—>I‘1—21‘2/3
i\ r3 —r3+ry/3 A
10 1 —-1/5 2/5 0
01 -1 4/5 —-3/5 0)
00 5 —-2/5 =1/5 1
\L I‘3—>I‘3/5 \L
10 1 -1/5 2/5 0
01 -1 4/5 =3/5 0
00 1 —2/25 —1/25 1/5
rA -r;y —rs
\ ry —ra+r3 \
100 —3/25 11/25 —-1/5
010 18/25 —16/25 1/5
001 —2/25 —1/25 1/5

So
—3/25 11/25 —1/5
A7t =118/25 —-16/25 1/5
—2/25 —1/25 1/5

It is always a good idea to check the result afterwards. This is easier if we remove
the common denominator 25, and we can then easily check that

321 -3 11 =5 -3 11 =5 321 25 0 0
413 18 =16 5 | =118 =16 5 413]=10250
216 -2 -1 5 -2 -1 5 216 0 0 25

which confirms the result!

9.3 Elementary matrices

We shall now explain why the above method of calculating the inverse of a matrix
works. Each elementary row operation on a matrix can be achieved by multiplying
the matrix on the left by a corresponding matrix known as an elementary matriz.
There are three types of these, all being slightly different from the identity matrix.

1. E(n)}\’i’j (where i # j) is the an n x n matrix equal to the identity, but with an
additional non-zero entry A in the (7, ) position.

2. E(n)? ; is the n x n identity matrix with its ith and jth rows interchanged.



40 10th May 2016

3. E(n)il (where X\ # 0) is the n x n identity matrix with its (i,¢) entry replaced
by A.

Example. Some elementary matrices:

E(3)1%

|
O O =
O = O
— O wl=
h)
i
N—
o
N
Il
OO O =
—_ oo o O
o~ O O
OO~ O
|
S = O

Let A be any m x n matrix. Then E(m)}\”A is the result we get by adding A
times the jth row of A to the ith row of A. Similarly E(m)?’jA is equal to A with its
tth and jth rows interchanged, and F (m)iZ is equal to A with its ith row multiplied
by A. You need to work out a few examples to convince yourself that this is true. For
example

1111 1 0 00 1111 1111
E(4)£2422222:0100 2222 _12222
13333 0 0 10 3333 3333
4444 0 -201 4444 0000

So, in the matrix inversion procedure, the effect of applying elementary row oper-
ations to reduce A to the identity matrix I, is equivalent to multiplying A on the left
by a sequence of elementary matrices. In other words, we have E.E,._1...E1A = I,
for certain elementary n X n matrices Ei,..., E,. Since we are assuming that A
is invertible, we can multiply both sides with A~! to obtain E,E,_;...E; = A~
But when we apply the same elementary row operations to I, then we end up with
E,E._i...EI, = A~'. This explains why the method works.

Notice also that the inverse of an elementary row matrix is another one of the same
type. In fact it is easily checked that the inverses of E(n)}\”, E(n)?] and E(n)iZ
are respectively E(n)l_)\m, E(n)fj and E(n)i,lz Hence, if B, E,_1... E1A = I, as
in the preceding paragraph, then by using Lemma we find that

A= (E.E—...E)) ' =E'E; . ETY
which is itself a product of elementary matrices. We have proved:

Theorem 9.5. An invertible matriz is a product of elementary matrices.

9.4 Application to linear equations

The most familiar examples of simultaneous equations are those where we have the
same number n of equations as unknowns. However, even in that case, there is
no guarantee that there is a unique solution; there can still be zero, one or many
solutions (for instance, see examples in section 8.1). The case of a unique solution
occurs exactly when the matrix A is non-singular.

Theorem 9.6. Let A be an n x n matriz. Then

(i) the homogeneous system of equations Ax = 0 has a non-zero solution if and
only if A is singular;

(ii) the equation system Ax = B has a unique solution if and only if A is non-
singular.



MA106 Linear Algebra 41

Proof. We first prove (). The solution set of the equations is exactly nullspace(A).
Let T : K™ — K™! be the linear map given by v — Av. It is easy to check that A
is the matrix corresponding to 7' with respect to the standard basis of K™!.

By Corollary (.6,

nullspace(A) = ker(7T') = {0} <= nullity(7') = 0 <= T is non-singular,

and so there are non-zero solutions if and only if 7" and hence A is singular.

Now (). If A is singular then its nullity is greater than 0 and so its nullspace is
not equal to {0}, and contains more than one vector. Either there are no solutions, or
the solution set is x +nullspace(A) for some specific solution x, in which case there is
more than one solution. Hence there cannot be a unique solution when A is singular.

Conversely, if A is non-singular, then it is invertible by Theorem [0.2] and one
solution is x = A~13. Since the complete solution set is then x + nullspace(4), and
nullspace(A) = {0} in this case, the solution is unique. O

In general, it is more efficient to solve the equations Ax = (3 by elementary row
operations rather than by first computing A~ and then A‘lé. However, if A™! is
already known for some reason, then this is a useful method.

Example. Consider the system of linear equations

3r+2y+2=0 (1)
dr +y + 3z =2 (2)
2o +y + 62 = 6. (3)
321 —3/25 11/25 —1/5
Here A= |4 1 3|, and we computed A=! = | 18/25 —16/25 1/5 | in Sec-
216 —2/25 —1/25 1/5
0
tion [@ Computing A_lﬁ with 8 = [ 2] yields the solution z = —8/25, y = —2/25,
6

z = 28/25. If we had not already known A~!, then it would have been quicker to
solve the linear equations directly rather than computing A~ first.

10 The determinant of a matrix

10.1 Definition of the determinant

Let A be an n X n matrix over the field K. The determinant of A, which is written
as det(A) or sometimes as |A|, is a certain scalar that is defined from A in a rather
complicated way. The definition for small values of n might already be familiar to
you.

n=1 A= (a) det(A) = «
n=2 A= (an Om) det(A) = a2 — arpan
Qo1 02

And, for n = 3, we have
a1 o2 Q13
A= | a2 ax ax
31 32 33
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and

Q22 (23
Q32 (33

21 (22
Q31 (32

Qo1 (23

det(A) = 11 Q31 o33

= (V110220033 — (112332 — (x1221(x33

+ 120303 + Q3021 a3y — 113020031

Where do these formulae come from, and why are they useful?

The geometrical motivation for the determinant is that it represents area or
volume. For n = 2, consider the position vectors of two points (x1,y1), (x2,y2)
in the plane. Then, in the diagram below, the area of the parallelogram OABC
enclosed by these two vectors is

ry T2

riresin(fe — 61) = rira(sinfg cos 0 — sin 6y cos b)) = x1ys — Toy1 = "y
1 Y2

C
B = ($2’y2

T2

r1
02 A= (z1,y1)
01

Similarly, when n = 3 the volume of the parallelepiped enclosed by the three position
vectors in space is equal to (plus or minus) the determinant of the 3 x 3 matrix defined
by the coordinates of the three points.

Now we turn to the general definition for n X n matrices. Suppose that we take the
product of n entries from the matrix, where we take exactly one entry from each row
and one from each column. Such a product is called an elementary product. There
are n! such products altogether (we shall see why shortly) and the determinant is the
sum of n! terms, each of which is plus or minus one of these elementary products.
We say that it is a sum of n! signed elementary products. You should check that this
holds in the 2 and 3-dimensional cases written out above.

Before we can be more precise about this, and determine which signs we choose for
which elementary products, we need to make a short digression to study permutations
of finite sets. A permutation of a set, which we shall take here to be the set X,, =
{1,2,3,...,n}, is simply a bijection from X, to itself. The set of all such permutations
of X, is called the symmetric group S,. There are n! permutations altogether, so
|Sp| = nl.

Now an elementary product contains one entry from each row of A, so let the
entry in the product from the ith row be a;4;), where ¢ is some as-yet unknown
function from X,, to X,. Since the product also contains exactly one entry from each
column, each integer j € X,, must occur exactly once as ¢(i). But this is just saying
that ¢: X,, — X, is a bijection; that is ¢ € S,,. Conversely, any ¢ € S, defines an
elementary product in this way.

So an elementary product has the general form ajg(1)aag() - - Qpgn) for some
¢ € Sp, and there are n! elementary products altogether. We want to define

det(A) = Z :|:041¢(1)Oz2¢(2) oo Olpg(n)s
$ESn
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but we still have to decide which of the elementary products has a plus sign and which
has a minus sign. In fact this depends on the sign of the permutation ¢, which we
must now define.

A transposition is a permutation of X,, that interchanges two numbers ¢ and j in
X, and leaves all other numbers fixed. It is written as (¢, 7). There is a theorem, which
is quite easy, but we will not prove it here because it is a theorem in Group Theory,
that says that every permutation can be written as a composite of transpositions.
For example, if n = 5, then the permutation ¢ defined by

o(1) =4, 6(2) =5, ¢(3) =3, ¢(4) =2, ¢(5) =1

is equal to the composite (1,4) o (2,4) o (2,5). (Remember that permutations are
functions X,, — X, so this means first apply the function (2,5) (which interchanges
2 and 5) then apply (2,4) and finally apply (1,4).)

Definition. Now a permutation ¢ is said to be even, and to have sign +1, if ¢ is a
composite of an even number of transpositions; and ¢ is said to be odd, and to have
sign —1, if ¢ is a composite of an odd number of transpositions.

For example, the permutation ¢ defined on X, above is a composite of 3 trans-
positions, so ¢ is odd and sign(¢) = —1. The identity permutation, which leaves all
points fixed, is even (because it is a composite of 0 transpositions).

Now at last we can give the general definition of the determinant.

Definition. The determinant of a n x n matrix A = («y;) is the scalar quantity

det(A) = Z sign(¢)a1¢(1)a2¢(2) ce an¢(n)
PESn

(Note: You might be worrying about whether the same permutation could be
both even and odd. Well, there is a moderately difficult theorem in Group Theory,
which we shall not prove here, that says that this cannot happen; in other words, the
concepts of even and odd permutation are well-defined.)

10.2 The effect of matrix operations on the determinant

Theorem 10.1. Elementary row operations affect the determinant of a matriz as
follows.

(i) det(I) = 1.

(ii) Let B result from A by applying (R2) (interchanging two rows). Then det(B) =
—det(A).

(iii) If A has two equal rows then det(A) = 0.

(iv) Let B result from A by applying (R1) (adding a multiple of one row to another).
Then det(B) = det(A).

(v) Let B result from A by applying (R3) (multiplying a row by a scalar \). Then
det(B) = Adet(A).

Proof. (i) If A = I, then a;; = 0 when i # j. So the only non-zero elementary
product in the sum occurs when ¢ is the identity permutation. Hence det(A) =
011092 . .. Oy, = 1.



44

10th May 2016

(i)

(iii)

(v)

To keep the notation simple, we shall suppose that we interchange the first two
rows, but the same argument works for interchanging any pair of rows. Then if
B = (Bij), we have f1; = ag; and f2; = «y; for all j. Hence

det(B Z sign(¢ ﬂ1¢(1)52¢(2) -+ Brg(n)

PESh

= Z Sign (@) a1 p(2) 26(1) X34(3) - - - Ung(n)-
PESH

For ¢ € Sy, let p = ¢ o (1,2), so ¢(1) = 1(2) and ¢(2) = (1), and sign(y) =
—sign(¢). Now, as ¢ runs through all permutations in S, so does ¥ (but in a
different order), so summing over all ¢ € S, is the same as summing over all
Y € S,. Hence

det(B) = Z — Sign(?f))a1¢(1)a2w(2) e Oénw(n)
$ESH

= Z - sign(@b)aw(l)aw(g) <o Opap(n) = — det(A).
YESn

Again to keep notation simple, assume that the equal rows are the first two.
Using the same notation as in (), namely ¥ = ¢ o (1,2), the two elementary
products:

(1) Q2p(2) -+ - Opp(n) - AN Q1g(1)X2(2) - - - ()

are equal. This is because ayy1) = Qoy(1) (first two rows equal) and Qoy(1) =
Qog(2) (because ¢(2) = 9(1)); hence (1) = agge). Similarly agy o) = )
and the two products differ by interchanging their first two terms. But sign(¢)) =
— sign(¢) so the two corrresponding signed products cancel each other out. Thus
each signed product in det(A) cancels with another and the sum is zero.

Again, to simplify notation, suppose that we replace the second row ry by ro +
Ary for some A € K. Then

det(B) = ) _ sign(d) a1y (o) + A12)@36(3) - - - Cng(n)
PESH
Z sign(¢ a1¢> YX2¢(2) - - - Ang(n)
PESH
+ A Z sign(¢ a1¢ YXLP(2) - - - CXng(n)-
PESH

Now the first term in this sum is det(A), and the second is A det(C'), where C' is

a matrix in which the first two rows are equal. Hence det(C') = 0 by (), and
det(B) = det(A).

Easy. Note that this holds even when the scalar A = 0.
O

Definition. A matrix is called upper triangular if all of its entries below the main
diagonal are zero; that is, (o) is upper triangular if a;; = 0 for all ¢ > j.

The matrix is called diagonal if all entries not on the main diagonal are zero; that
is, aj; = 0 for i # j.

3 0 —1/2 00 O

Example. |0 —1 —11 | is upper triangular, and | 0 17 0 | is diagonal.

0 0 —-2/5 0 0 -3
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Corollary 10.2. If A = (o;) is upper triangular, then det(A) = aqiooa. .. opy S
the product of the entries on the main diagonal of A.

Proof. This is not hard to prove directly from the definition of the determinant.
Alternatively, we can apply row operations (R1) to reduce the matrix to row reduced
form. If any of the diagonal elements of A were 0, then the row reduced form has
a zero row and hence has zero determinant. Otherwise, the row reduced form is a
diagonal matrix with the identity, and the the result follows from parts (i) and (m) of
the theorem. O

The above theorem and corollary provide the most efficient way of computing
det(A), at least for n > 3. (For n = 2, it is easiest to do it straight from the
definition.) Use row operations (R1) and (R2) to reduce A to upper triangular form,
keeping track of changes of sign in the determinant resulting from applications of
(R2), and then use Corollary

Example.
0112 1211 1 2 11
1211 rgﬁrl_o 11 21‘3%13721'1_0 1 1 2
2131 2131 N 0 -31 -1
1242 1242 1 2 4 2
1 2 11 1211 121 1
r4—r4—r1 01 1 2 r3—r3+3ry 0112 r4—>r4_—3r3/4_ 011 2
n 0 -31-1 N 0045 N 004 5
0031 0031 000 -4

=11
We could have been a little more clever, and stopped the row reduction one step
before the end, noticing that the determinant was equal to |4 §| = 11.

Definition. Let A = (a;;) be an m x n matrix. We define the transpose AT of A to
be the n x m matrix (8;;), where f;; = aj; for 1 <i<n, 1 <j <m.

T 1 -2
For example, 135 =13 0
206 56

Theorem 10.3. Let A = (a;;) be an n x n matriz. Then det(AT) = det(A).
Proof. Let AT = (8;;) where B;; = aj;. Then

det(AT) = > sign($)B1g(1)B(2) - - - Broin)
PESH

= ) sign(@)agan gz - - -
$ES
Now, by rearranging the terms in the elementary product, we have

Ap(1)1¥p(2)2 - - - Xp(n)n = Xp=1(1)X2¢1(2) - - Yng~=1(n)>
where ¢! is the inverse permutation to ¢. Notice also that if ¢ is a composite
T 0Ty 0--- 07T, of transpositions 7;, then ¢ ' =7.0---omomn (because each 7; o ;
is the identity permutation). Hence sign(¢) = sign(¢~!). Also, summing over all
¢ € S, is the same as summing over all ¢~! € S, so we have

det(AT) = Z Sign(¢)a1¢71(1)a2¢71(2) e Olpg—1(p)
$ESn

= Z sign(gb_l)awq(1)042(1,71(2) c e Olpg=1(p) = det(A).
¢1ESn
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If you find proofs like the above, where we manipulate sums of products, hard to
follow, then it might be helpful to write it out in full in a small case, such as n = 3.
Then

det(A") = B11B228s3 — B11B23B32 — B12521 533
+ B12823831 + B13621832 — B13522631

= 110220033 — (1132023 — (121 (X12(X33

+ (210320013 + (31120123 — Q31 (122(X13
= 110220033 — (111 Q23(¥32 — (11221 (X33

+ a2aie3ai31 + 132132 — 13220031
= det(A).

Corollary 10.4. All of Theorem [0 remains true if we replace rows by columns.

Proof. This follows from Theorems [[0.J] and [[0.3] because we can apply column
operations to A by transposing it, applying the corresponding row operations, and
then re-transposing it. O

We are now ready to prove one of the most important properties of the determ-
inant.

Theorem 10.5. For an n x n matriz A, det(A) = 0 if and only if A is singular.

Proof. A can be reduced to row reduced echelon form by using row operations (R1),
(R2) and (R3). By Theorem B4l none of these operations affect the rank of A,
and so they do not affect whether or not A is singular (remember ‘singular’ means
rank(A) < n; see definition after Corollary [5.0). By Theorem [I0.] they do not affect
whether or not det(A) = 0. So we can assume that A is in row reduced form.

Then rank(A) is the number of non-zero rows of A, so if A is singular then it has
some zero rows. But then det(A) = 0. On the other hand, if A is nonsingular then,
as we saw in Section [0.2] the fact that A is in row reduced form implies that A = I,,,
so det(A) =1 #0. O

10.3 The determinant of a product

Example. Let A = <:1)) ;) and B = <_21 _01> Then det(A) = —4 and det(B) = 2.
We have A+ B = (g ;) and det(A+ B) = —5 # det(A) +det(B). In fact, in general

there is no simple relationship between det(A + B) and det(A), det(B).

-1
However, AB = (:13 _3), and det(AB) = —8 = det(A) det(B).
In this subsection, we shall prove that this simple relationship holds in general.
Recall from Section [@.3lthe definition of an elementary matrix F, and the property
that if we multiply a matrix B on the left by E, then the effect is to apply the
corresponding elementary row operation to B. This enables us to prove:

Lemma 10.6. If E is an n X n elementary matriz, and B is any n X n matriz, then
det(EB) = det(F) det(B).

Proof. E is one of the three types E(n)%\yij, E(n)?] or E(n)i’i, and multiplying B on
the left by F has the effect of applying (R1), (R2) or (R3) to B, respectively. Hence,
by Theorem [[0.1] det(EB) = det(B),—det(B), or Adet(B), respectively. But by
considering the special case B = I, we see that det(E) = 1,—1 or A, respectively,
and so det(EB) = det(F) det(B) in all three cases. O
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Theorem 10.7. For any two n X n matrices A and B, we have
det(AB) = det(A) det(B).

Proof. We first dispose of the case when det(A) = 0. Then we have rank(A) < n by
Theorem Let T1,T5: V — V be linear maps corresponding to A and B, where
dim(V) = n. Then AB corresponds to 1175 (by Theorem [7.4]). By Corollary [5.0]
rank(A) = rank(77) < n implies that 77 is not surjective. But then 7775 cannot
be surjective, so rank(717%) = rank(AB) < n. Hence det(AB) = 0 so det(AB) =
det(A) det(B).

On the other hand, if det(A) # 0, then A is nonsingular, and hence invertible,
so by Theorem A is a product F1FEs...E, of elementary matrices F;. Hence
det(AB) = det(E1Es . .. E.B). Now the result follows from the above lemma, because

det(AB) = det(E1) det(FEs - - - £, B)
= det(FE1) det(FEy)det(Es - - - E.B)
= det(E1) det(Es) - - - det(E,) det(B)
=det(E1Es - - E,) det(B)
= det(A) det(B).

10.4 Minors and cofactors

Definition. Let A = (oy;) be an n x n matrix. Let A;; be the (n — 1) x (n — 1)
matrix obtained from A by deleting the ith row and the jth column of A. Now let
M;j = det(A;;). Then M;; is called the (i, j)th minor of A.

210 32 10
Example. If A = |3 —1 2], then A5 = < ) and Az; = < ), and so
5 90 50 -1 2

M12 = —10 and M31 = 2.

Definition. We define ¢;; to be equal to M;; if 7 + j is even, and to —M;; if i + j is
odd. Or, more concisely,

cij = (=1)" My; = (=1)"" det(Ay).
Then ¢;; is called the (7, j)th cofactor of A.

Example. In the example above,

-1 2 3 2 3 —1
0112‘_2 0‘24, 0122—‘5 0’210, 0132‘5 _2‘2—1,
1 0 20 2 1
621——’_2 0‘—0, 622—’5 O’_O’ 623——’5 _2‘—9,
1 0 20 2 1
c31 = ‘_1 2‘ =2, 032——‘3 2’ = —4, C33 = ‘3 _1‘ = —5.

The cofactors give us a useful way of expressing the determinant of a matrix in
terms of determinants of smaller matrices.

Theorem 10.8. Let A be an n x n matriz.
(i) (Ezxpansion of a determinant by the ith row.) For any i with 1 <1i < n, we have

n
det(A) = qiicin + quaio + -+ + QinCin = g Qi Cij-
J=1
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(ii) (Expansion of a determinant by the jth column.) For any j with 1 < j < n, we
have

n
det(A) = (1;C1j + Q2jC25 + + - - QpjCpj = E QG5 Cij.
i=1

For example, expanding the determinant of the matrix A above by the first row,
the third row, and the second column give respectively:

det(4d) = 2x441x10+0x—-1 = 18
det(A) = 5x24+-2x—-44+0x -5 18

det(A) = 1x10+-1x0+-2x -4 = 18.
Proof of Theorem[10.8 By definition, we have
det(A) = Z sign(gb)a1¢(1)a2¢(2) RN O‘nqﬁ(n) (*)
$ESH

Step 1. We first find the sum of all of those signed elementary products in the sum
(*) that contain cu,,. These arise from those permutations ¢ with ¢(n) = n; so the
required sum is

> sign(@)aipn)a2e) - - Mngn)
$ESn
é(n)=n
= Opn Z sign (@) a1p(1)Q2p(2) - - - Yn—1¢(n—1)
¢€Sn—l

= apnMpn = QppCnn-

Step 2. Next we fix any 7 and j with 1 < 4,5 < n, and find the sum of all of those
signed elementary products in the sum (*) that contain «;;. We move row r; of A to
r,, by interchanging r; with r;11,r;49,...,r, in turn. This involves n — 4 applications
of (R2), and leaves the rows of A other than r; in their original order. We then move
column c; to ¢, in the same way, by applying (C2) n — j times. Let the resulting
matrix be B = (f;;) and denote its minors by N;;. Then f,, = a;j, and Ny, = M;;.
Furthermore,

det(B) = (—1)?"""J det(A) = (—1)" det(A),

because (2n —i — j) — (i + j) is even.
Now, by the result of Step 1, the sum of terms in det(B) involving [, is

BunNon = i Mij = (=1)" ey,

and hence, since det(B) = (—1)"™/ det(A), the sum of terms involving «;; in det(A)
is Qi Cij.

Step 3. The result follows from Step 2, because every signed elementary product
in the sum (x) involves exactly one array element «;; from each row and from each
column. Hence, for any given row or column, we get the full sum (x) by adding up the
total of those products involving each individual element in that row or column. [

Example. Expanding by a row and column can sometimes be a quick method of
evaluating the determinant of matrices containing a lot of zeros. For example, let

9 0 2 6
12 9 =3
A= 0 0-20
-10 -5 2
906
Then, expanding by the third row, we get det(A) = —2 ‘ _11 (2) —23 ), and then expanding

by the second column, det(A) = —2 x 2 ‘ 95| = —96.
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10.5 The inverse of a matrix using determinants

Definition. Let A be an n x n matrix. We define the adjugate matrix adj(A) of A to
be the n x n matrix of which the (¢, j)th element is the cofactor c;j;. In other words,
it is the transpose of the matrix of cofactors.

The adjugate is also sometimes called the adjoint. However, the word “adjoint” is
also used with other meanings, so to avoid confusion we will use the word “adjugate”.

Example. In the example above,

2 1 0 4.0 2
A=(3 -12], adja)=[10 0 —4
5 —2 0 19 =5

The adjugate is almost an inverse to A, as the following theorem shows.
Theorem 10.9. A adj(A) = det(A)I, = adj(A) A

Proof. Let B = A adj(A) = (Bij). Then B = > p_; cigcir = det(A) by The-
orem [I0.8 (expansion by the ith row of A). For i # j, Bi; = > jp_, ikCjk, which is the
determinant of a matrix C obtained from A by substituting the ith row of A for the jth
row. But then C has two equal rows, so ;; = det(C') = 0 by Theorem [0.IIiii). (This
is sometimes called an expansion by alien cofactors.) Hence A adj(A) = det(A)I,. A
similar argument using columns instead of rows gives adj(A) A = det(A)I,. O

Example. In the example above, check that A adj(A) = adj(A4) A = 1813.
Corollary 10.10. If det(A) # 0, then A™! = m adj(A).

(Theorems and [0 imply that A is invertible if and only if det(A) # 0.)
Example. In the example above,

-1

2 1 0 1 4 0 2
3 —1 2 :E 10 0 -4,
5 —2 0 -1 9 -5
and in the example in Section [9]
321 3 —11 5
A=[413], adj(d)=|-18 16 —5]|, det(A)=—25,
216 2 1 -5

and so A™! = 21 adj(A).

For 2 x 2 and (possibly) 3 x 3 matrices, the cofactor method of computing the
inverse is often the quickest. For larger matrices, the row reduction method described
in Section [ is quicker.

10.6 Cramer’s rule for solving simultaneous equations

Given a system Ax = [ of n equations in n unknowns, where A = (a;;) is non-
singular, the solution is x = A™! B. So the ith component x; of this column vector is
the ¢th row of A_lﬁ. Now, by Corollary I0.10, A~ = m adj(A), and its (7,7)th
entry is c;;/ det(A). Hence

n

1
%= Ay 2 i

j=1
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Now let A; be the matrix obtained from A by substituting 5 for the ith column of
A. Then the sum Z?Zl cjifj is precisely the expansion of det(A4;) by its ith column
(see Theorem [[0.8)). Hence we have z; = det(A;)/ det(A). This is Cramer’s rule.

This is more of a curiosity than a practical method of solving simultaneous equa-
tions, although it can be quite quick in the 2 x 2 case. Even in the 3 x 3 case it is
rather slow.

Example. Let us solve the following system of linear equations:

2x + 2z =1
y — 2z = 0
T +y+ z= -1
Cramer’s rule gives
20 1 1 0 1
det(A) =10 1 —2| =5, det(A1)=1]0 1 —2| =4
11 1 -11 1
2 1 1 20 1
det(A2) =10 0 —2| = -6, det(A3) =101 0|=-3
1 -1 1 11 -1

so the solution is x = 4/5, y = —6/5, z = —3/5.

11 Change of basis and equivalent matrices

We have been thinking of matrices as representing linear maps between vector spaces.
But don’t forget that, when we defined the matrix corresponding to a linear map
between vector spaces U and V', the matrix depended on a particular choice of bases
for both U and V. In this section, we investigate the relationship between the matrices
corresponding to the same linear map T: U — V, but using different bases for the
vector spaces U and V. We first discuss the relationship between two different bases
of the same space. Assume throughout the section that all vector spaces are over the
same field K.

Let U be a vector space of dimension n, and let £ = {ej,...,e,} and E' =
{e],...,e,,} be two bases of U. The matrix P = [E’, Iy, E] of the identity map
I;;: U — U using the basis E in the domain and E’ in the range is called the change
of basis matriz from the basis E to the basis E'.

Let us look carefully what this definition says. Taking P = (o;;), we obtain from

Section [T.1]

n
Iy(ej) =e; = Zaije; for 1 <j <n. (%)
i=1
In other words, the columns of P are the coordinates of the “old” basis vectors e;
with respect to the “new” basis €.
The name “change of basis matrix” is justified by the following proposition.

Proposition 11.1. With the above notation, let v € U, and let v and v’ denote the
column vectors of coordinates of v with respect to the bases E and E’, respectively.
Then Pv =v'.

Proof. This follows immediately from Proposition applied to the identity map
Iy. O

This gives a useful way to think about the change of basis matrix: it is the matrix
which turns a vector’s coordinates with respect to the “old” basis into the same
vector’s coordinates with respect to the “new” basis.
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Proposition 11.2. The change of basis matriz is invertible. More precisely, if P is
the change of basis matriz from the basis E to the basis E' and Q is the change of
basis matriz from the basis E' to the basis E, then P = Q1.

Proof. Consider the composition of linear maps Iy: U vy vy using the basis
E’ for the first and the third copy of U and the basis E for the middle copy of U.
The composition has matrix I,, because the same basis is used for both domain and
range. But the first Iy has matrix @ (change of basis from E’ to E) and the second
Iy similarly has matrix P. Therefore by Theorem [C4] I, = PQ.

Similarly, I, = QP. Consequently, P = QL. O

Example. Let U = R?, €] = (1,0,0), e, = (0,1,0), €5 = (0,0,1) (the standard
basis) and e; = (0,2,1), e; = (1,1,0), e3 = (1,0,0). Then

The columns of P are the coordinates of the “old” basis vectors ey, e, e3 with respect
to the “new” basis €], €}, €.

The converse of Proposition [[1.2]is also true:

Proposition 11.3. Every invertible matrix is a change of basis matriz. More pre-
cisely, if U is a vector space of dimension n over K, and if P is an invertible matrix
in K™"™ then there are bases E and E' of U such that P is the change of basis matriz
from E to E'.

Proof. To prove that P = (oy;) is a change of basis matrix, let F/ = {f],... f,,} be an
arbitrary basis of U. Define f; := o1, f] + 02ifs + ...+ onif), for every i € {1,...,n}.
Note that if the set of vectors F' = {f1,... fn} is a basis of U, then P is by definition
the change of basis matrix from F to F' as (x) is satisfied (this is why we defined
the f; the way we did). It only remains to check that F' is indeed a basis. To see
this, note that as P is invertible, its rank is n by Theorem and Corollary
This means that its columns are linearly independent (recall the definition of column
rank). But this is equivalent to saying that the vectors F' are linearly independent
and so they form a basis of U by Corollary O

Now we will turn to the effect of change of basis on linear maps. let T: U — V
be a linear map, where dim(U) = n, dim(V) = m. Choose a basis E = {ey,...,e,}
of U and a basis F' = {fj,...,f,} of V. Then, from Section [[Il we have

m
T(ej) = Zaijfi for1<j<n
i=1
where A = (a;;) = [F, T, E] is the m x n matrix of T" with respect to the bases £ and
FofUandV.
Now choose new bases E' = {e],... e} of U and F' = {f],... £/ } of V. There
is now a new matrix representing the linear transformation 7"

m
T(e;-) = Z/B'Ufll for 1 <j<n,

i=1
where B = (8;;) = [F', T, E'] is the m x n matrix of T with respect to the bases E’
and F’. Our objective is to find the relationship between A and B in terms of the
change of basis matrices.

Let the n x n matrix P = (0;;) be the change of basis matrix from E to E’, and

let the m x m matrix Q) = (7;;) be the change of basis matrix from F' to F”.
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Matrix A
T

—_

Matrix B

Theorem 11.4. With the above notation, we have BP = QA, or equivalently B =
QAP

Proof. By Theorem [[4, BP represents the composite of the linear maps Iy using
bases F and E’ and T using bases E' and F’. So BP represents T using bases F and
F’. Similarly, QA represents the composite of T" using bases E and F' and Iy using
bases F' and F’, so QA also represents T using bases E/ and F’. Hence BP = QA. [

Another way to think of this is the following. The matrix B should be the matrix
which, given the coordinates of a vector u € U with respect to the basis E’, produces
the coordinates of T'(u) € V with respect to the basis F’. On the other hand, suppose
we already know the matrix A, which performs the corresponding task with the “old”
bases E and F'. Now, given the coordinates of some vector u with respect to the “new”
basis, we need to:

(i) Find the coordinates of u with respect to the “old” basis of U: this is done by
multiplying by the change of basis matrix from E’ to F, which is P~!;

(ii) find the coordinates of T'(u) with respect to the “old” basis of V: this is what
multiplying by A does;

(iii) translate the result into coordinates with respect to the “new” basis for V'; this
is done by multiplying by the change of basis matrix Q.

Putting these three steps together, we again see that B = QAP L.

Corollary 11.5. Two m x n matrices A and B represent the same linear map from
an n-dimensional vector space U to an m-dimensional vector space V (with respect
to different bases) if and only if there exist invertible n x n and m x m matrices P

and Q with B = QAP~!.

Proof. For the forward direction, note that it follows from the Theorem [IT.4] that A
and B represent the same linear map if there exist change of basis matrices P and @
with B = QAP~!, and by Proposition the change of basis matrices are precisely
invertible matrices of the correct size.

For the backward direction, suppose there exist invertible matrices @, P such
that B = QAP~!. By Proposition T3, @ is a change of basis matrix between two
bases F,F’ of V, and P is a change of basis matrix between two bases of E, E’ of
U. As A corresponds to some linear map 7' with respect to the bases E and F (by
Theorem [ZT), it follows from Theorem [IT.4] that B is the matrix of the same linear
map T corresponding to the bases E’ and F’. O

Definition. Two m x n matrices A and B are said to be equivalent if there exist
invertible P and @ with B = QAP. (Note that this is the same as saying that there
exist invertible P and @ with B = QAP~!, since P~! is invertible itself.)

It is easy to check that being equivalent is an equivalence relation on the set K™
of m x n matrices over K using Corollary [[1.5] We shall show now that equivalence
of matrices has other characterisations.
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Theorem 11.6. Let A and B be m x n matrices over K. Then the following condi-
tions on A and B are equivalent.

(i) A and B are equivalent.
(ii) A and B represent the same linear map with respect to different bases.
(iii) A and B have the same rank.

(iv) B can be obtained from A by application of elementary row and column opera-
tions.

Proof. () & (@): This is true by Corollary

() = (): Since A and be both represent the same linear map 7', we have
rank(A) = rank(7") = rank(B) by Theorem R3]

(i) = (): By Theorem B2 if A and B both have rank s, then they can both
be brought into the Smith normal form

Es _ ( Is ‘ Os,n—s >
Om—s,s Om—s,n—s
by elementary row and column operations. Since these operations are invertible, we
can first transform A to F and then transform E to B.
() = ([@): We saw in Section that applying an elementary row operation to
A can be achieved by multiplying A on the left by an elementary row matrix, and

similarly applying an elementary column operation can be done by multiplying A
on the right by an elementary column matrix. Hence ([v]) implies that there exist

elementary row matrices Ry, ..., R, and elementary column matrices C, ..., Cs with
B =R, ---R{AC - -- Cs. Since elementary matrices are invertible, Q = R, --- Ry and
P =C1---Cy are invertible and B = QAP. O

In the above proof, we also showed the following;:

Proposition 11.7. Any m x n matriz is equivalent to the matriz Es defined above,
where s = rank(A).

This fact provides a further reason why the Smith normal form, also called the
canonical form for m X n matrices under equivalence, is important: it is an easily
recognizable representative of its equivalence class. This is one of the many examples
in mathematics where it is useful to have a canonical form, i.e. a nice representative,
for a class of objects.

12 Similar matrices, eigenvectors and eigenvalues

12.1 Similar matrices

In Section [I1] we studied what happens to the matrix of a linear map T: U — V
when we change the bases of U and V. Now we look at the case when U = V', where
we only have a single vector space V', and a single change of basis. Surprisingly, this
turns out to be more complicated than the situation with two different spaces.

Let V be a vector space of dimension n over the field K, and let T: V — V be a
linear map. Now, given any basis for V, there will be a matrix representing 1" with
respect to that basis.

Let E = {ei1,...,e,} and E' = {e,...,e),} be two bases of V, and let A = («;;)
and B = (B;;) be the matrices of T" with respect to E and E’ respectively. Let
P = (0y;) be the change of basis matrix from E’ to E. Note that this is the opposite
change of basis to the one considered in the last section. Different textbooks adopt
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different conventions on which way round to do this; this is how we’ll do it in this
course.

Then Theorem [IT.4] applies, and with both @ and P replaced by P~! we find:
Theorem 12.1. With the notation above, B = P~1AP.

Definition. Two n x n matrices over K are said to be similar if there exists an n x n
invertible matrix P with B = P~1AP.

So two matrices are similar if and only if they represent the same linear map
T:V — V with respect to different bases of V. It is easily checked that similarity is
an equivalence relation on the set of n X n matrices over K.

We saw in Theorem that two matrices of the same size are equivalent if and
only if they have the same rank. It is more difficult to decide whether two matrices
are similar, because we have much less flexibility - there is only one basis to choose,
not two. Similar matrices are certainly equivalent, so they have the same rank, but
equivalent matrices need not be similar.

10 11
Example. Let A = <0 1) and B = (0 1>.

Then A and B both have rank 2, so they are equivalent. However, since A = I,
for any invertible 2 x 2 matrix P we have P~'AP = A, so A is similar only to itself.
Hence A and B are not similar.

To decide whether matrices are similar, it would be helpful to have a canonical
form, just like we had the canonical form Ey in Section [IT] for equivalence. Then we
could test for similarity by reducing A and B to canonical form and checking whether
we get the same result. But this turns out to be quite difficult, and depends on the
field K. For the case K = C (the complex numbers), we have the Jordan Canonical
Form, which Maths students learn about in the Second Year.

12.2 Eigenvectors and eigenvalues

In this course, we shall only consider the question of which matrices are similar to a
diagonal matrix.

Definition. A matrix which is similar to a diagonal matrix is said to be diagonalis-
able.

(Recall that A = (ay;) is diagonal if a;; = 0 for i # j.) We shall see, for example,
that the matrix B in the example above is not diagonalisable.

It turns out that the possible entries on the diagonal of a matrix similar to A can
be calculated directly from A. They are called eigenvalues of A and depend only on
the linear map to which A corresponds, and not on the particular choice of basis.

Definition. Let T: V — V be a linear map, where V is a vector space over K.
Suppose that for some non-zero vector v € V and some scalar A € K, we have
T(v) = Av. Then v is called an eigenvector of T', and A is called the eigenvalue of T'
corresponding to v.

Note that the zero vector is not an eigenvector. (This would not be a good idea,
because 70 = A0 for all \.) However, the zero scalar 0x may sometimes be an
eigenvalue (corresponding to some non-zero eigenvector).

Example. Let T: R? — R? be defined by T(a1,a2) = (2a1,0). Then T(1,0) =
2(1,0), so 2 is an eigenvalue and (1,0) an eigenvector. Also 7'(0,1) = (0,0) = 0(0, 1),
so 0 is an eigenvalue and (0, 1) an eigenvector.
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In this example, notice that in fact (o, 0) and (0, «) are eigenvectors for any « # 0.
In general, it is easy to see that if v is an eigenvector of T, then so is av for any
non-zero scalar o.

In some books, eigenvectors and eigenvalues are called characteristic vectors and
characteristic Toots, respectively.

Let eq,..., e, be a basis of V, and let A = (a;;) be the matrix of 7" with respect
to this basis. As in Section[7.I] to each vector v = Aje1+---+A,e, € V, we associate
its column vector of coordinates

A1
Ao e K™,

<
I

An
Then, by Proposition [[.2] for u,v € V, we have T'(u) = v if and only if Au = v, and

in particular

T(v)=Av < Av = \v. (4)

So it will be useful to define the eigenvalues and eigenvectors of a matrix, as well
as of a linear map.

Definition. Let A be an n X n matrix over K. Suppose that, for some non-zero
column vector v € K™! and some scalar A € K, we have Av = \v. Then v is called
an eigenvector of A, and ) is called the eigenvalue of A corresponding to v.

It follows from () that if the matrix A corresponds to the linear map 7', then A
is an eigenvalue of T if and only if it is an eigenvalue of A. Thus similar matrices
have the same eigenvalues, because they represent the same linear map with respect
to different bases. We shall give another proof of this fact in Theorem below.

Given a matrix, how can we compute its eigenvalues? Certainly trying every
vector to see whether it is an eigenvector is not a practical approach.

Theorem 12.2. Let A be an n X n matriz. Then X is an eigenvalue of A if and only
if det(A — \I,,) = 0.

Proof. Suppose that A is an eigenvalue of A. Then Av = Av for some non-zero
v € K™!. This is equivalent to Av = A\I,,v, or (A — \I,)v = 0. But this says exactly
that v is a non-zero solution to the homogeneous system of simultaneous equations
defined by the matrix A — AI,,, and then by Theorem Q.6lf), A — AI,, is singular, and
so det(A — A\I,) = 0 by Theorem

Conversely, if det(A —AI,,) = 0 then A— A\, is singular, and so by Theorem [0.06l()
the system of simultaneous equations defined by A— AI, has nonzero solutions. Hence
there exists a non-zero v € K™! with (4 — \I,,)v = 0, which is equivalent to Av =
A, v, and so A is an eigenvalue of A. O

If we treat A as an unknown, we get a polynomial equation which we can solve to
find all the eigenvalues of A:

Definition. For an n x n matrix A, the equation det(A — xI,) = 0 is called the
characteristic equation of A, and det(A — x1,) is called the characteristic polynomial

of A.

Note that the characteristic polynomial of an n X n matrix is a polynomial of
degree n in x.

The above theorem says that the eigenvalues of A are the roots of the charac-
teristic equation, which means that we have a method of calculating them. Once
the eigenvalues are known, it is then straightforward to compute the corresponding
eigenvectors.
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Example. Let A = (é i) . Then

1—=x 2

s 4 =0 —2)—10=2" =52 —6=(z ~6)(x + 1).

det(A — zly) = ’

Hence the eigenvalues of A are the roots of (z — 6)(z + 1) = 0; that is, 6 and —1.
Let us now find the eigenvectors corresponding to the eigenvalue 6. We seek a
non-zero column vector (3! ) such that

1 2 T1\ Z1\ . . -5 2 1\ 0
(63 () =0 () (37 2) (2)- ()
Solving this easy system of linear equations, we can take (il) = (g) to be our
2

. : . 2
eigenvector; or indeed any non-zero multiple of (5)

Similarly, for the eigenvalue —1, we want a non-zero column vector (73 ) such that

G () =)o () () =)

1
and we can take <i1> = ( 1) to be our eigenvector.
9 —

Example. This example shows that the eigenvalues can depend on the field K. Let

-z —1

.2
1 _x—a? +1,

A= <(1) 01> Then det(A — xlp) =

so the characteristic equation is 22 +1 = 0. If K = R (the real numbers) then this
equation has no solutions, so there are no eigenvalues or eigenvectors. However, if
K = C (the complex numbers), then there are two eigenvalues i and —i, and by a
similar calculation to the one in the last example, we find that (_21) and (}) are
eigenvectors corresponding to ¢ and —i respectively.

Theorem 12.3. Similar matrices have the same characteristic equation and hence
the same eigenvalues.

Proof. Let A and B be similar matrices. Then there exists an invertible matrix P
with B = P~'AP. Then

det(B — zI,) = det(P~'AP — z1I,,)

= det(P~Y(A — z1I,,)P)

= det(P~ 1) det(A — x1,,) det(P) (by Theorem [I0.3)
= det(P~ 1) det(P) det(A — x1,)

= det(A — zI,).

Hence A and B have the same characteristic equation. Since the eigenvalues are the
roots of the characteristic equation, they have the same eigenvalues. O

Since the different matrices corresponding to a linear map 1" are all similar, they
all have the same characteristic equation, so we can unambiguously refer to it also as
the characteristic equation of T if we want to.

There is one case where the eigenvalues can be written down immediately.
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Proposition 12.4. Suppose that the matrixz A is upper triangular. Then the eigen-
values of A are just the diagonal entries ay; of A.

Proof. We saw in Corollary [[0.2] that the determinant of A is the product of the diag-
onal entries ;. Hence the characteristic polynomial of such a matrix is [ [ (i — ),

and so the eigenvalues are the «;;. ]
11 . . . . .
Example. Let A = 01} Then A is upper triangular, so its only eigenvalue is 1.

We can now see that A cannot be similar to any diagonal matrix B. Such a B would
also have just 1 as an eigenvalue, and then, by Corollary again, this would force
B to be the identity matrix Ir. But P~'I, P = I, for any invertible matrix P, so I is
not similar to any matrix other than itself! So A cannot be similar to I, and hence
A is not diagonalisable.

The next theorem describes the connection between diagonalisable matrices and
eigenvectors. If you have understood everything so far then its proof should be almost
obvious.

Theorem 12.5. Let T: V — V be a linear map. Then there is a basis of V with
respect to which the matriz of T is diagonal if and only if there is a basis of V
consisting of eigenvectors of T'.

Equivalently, let A be an n X n matriz over K. Then A is similar to a diagonal
matriz if and only if the space K™ has a basis consisting of eigenvectors of A.

Proof. The equivalence of the two statements follows directly from the correspondence
between linear maps and matrices, and the corresponding definitions of eigenvectors
and eigenvalues.

Suppose that the matrix A = (ay;) of T is diagonal with respect to the basis
e1,...,e, of V. Recall from Section [ZI] that the images of the ith basis vector of
V' is represented by the ith column of A. But since A is diagonal, this column has
the single non-zero entry «;;. Hence T'(e;) = aj;e;, and so each basis vector e; is an
eigenvector of A.

Conversely, suppose that e,...,e, is a basis of V' consisting entirely of eigen-
vectors of T'. Then, for each i, we have T'(e;) = \;e; for some \; € K. But then the
matrix of 7' with respect to this basis is the diagonal matrix A = (a;;) with a;; = A,
for each 1. O

We now show that A is diagonalisable in the case when there are n distinct
eigenvalues.

Theorem 12.6. Let A1, ..., A, be distinct eigenvalues of T: V. — V, and let vy, ..., v,
be corresponding eigenvectors. (So T(v;) = \jv; for 1 <i <r.) Then vi,...,v, are
linearly independent.

Proof. We prove this by induction on r. It is true for r = 1, because eigenvectors are
non-zero by definition. For r > 1, suppose that for some ay,...,a, € K we have

a1vy + agve + -+ vy = 0.
Then, applying T' to this equation gives
a1A1V] + agdave + -+ ap A vy = 0.
Now, subtracting A; times the first equation from the second gives

042()\2 — )\1)V2 + -+ Oér()\r - )\1)V,~ =0.
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By inductive hypothesis, v, ..., v, are linearly independent, so a;(\; — A1) = 0 for
2 < ¢ < r. But, by assumption, A; — A\; # 0 for ¢ > 1, so we must have o; = 0 for
1> 1. But then ayvy = 0, so « is also zero. Thus «; = 0 for all 7, which proves that
vi,...,V, are linearly independent. ]

Corollary 12.7. If the linear map T:V — V (or equivalently the n x n matriz A)
has n distinct eigenvalues, where n = dim(V'), then T' (or A) is diagonalisable.

Proof. Under the hypothesis, there are n linearly independent eigenvectors, which

form a basis of V' by Corollary The result follows from Theorem O
Example.
4 5 2 4—z 5! 2
A=|-6 -9 —4). Then |[A—zl3|=| -6 —-9—z —4
6 9 4 6 9 4—zx

To help evaluate this determinant, apply first the row operation r3 — r3 4+ ry and
then the column operation co — co — c3, giving

4—x 5 2 4—x 3 2
|A—zl3]=| -6 —-9—z —4|=| -6 —-5—x —4],
0 - -z 0 0 -z

and then expanding by the third row we get
|A—al3] = —z((4—z)(—5—x) +18) = —z(@? 4z -2)=—z(z+2)(z—1)

so the eigenvalues are 0, 1 and —2. Since these are distinct, we know from the above
corollary that A can be diagonalised. In fact, the eigenvectors will be the new basis
with respect to which the matrix is diagonal, so we will calculate these.

In the following calculations, we will denote eigenvectors v, etc. by (% ), where

x1, 9, r3 need to be calculated by solving simultaneous equations.
For the eigenvalue A = 0, an eigenvector v, satisfies Av; = 0, which gives the
three equations:

4x1 4 Hxo + 223 = 0; —6x1 — 929 — 4x3 = 0; 6x1 + 922 + 423 = 0.
The third is clearly redundant, and adding twice the first to the second gives 2x1+x2 =
1
0 and then we see that one solution is v{ = | —2
3

For A =1, we want an eigenvector vy with Av, = v,, which gives the equations
4x1 + dxo + 213 = 7] —6x1 — 929 — 43 = X9; 6x1 + 919 + 43 = T3;

or equivalently

3x1 + 5xo + 223 = 0; —6x1 — 1029 — 45 = 0; 6x1 + 922 + 3x3 = 0.
Adding the second and third equations gives z2 + x3 = 0 and then we see that a
1
solution is vy = | —1
1

Finally, for A = —2, Avs = —2v; gives the equations

6x1 + dxo + 223 = 0; —6x1 — Tx9 — 423 = 0; 6x1 + 9z 4+ 623 = 0,
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1
of which one solution is v4 = | —2
2
Now, if we change basis to v, vs,vs, we should get the diagonal matrix with
the eigenvalues 0,1, —2 on the diagonal. We can check this by direct calculation.
Remember that P is the change of basis matrix from the new basis to the old one
and has columns the new basis vectors expressed in terms of the old. But the old
basis is the standard basis, so the columns of P are the new basis vectors. Hence

1 1 1
P=|-2-1-2
3 1 2
00 0
and, according to Theorem [I2.1], we should have P~'AP = [0 1 0
00 —2
To check this, we first need to calculate P~!, either by row reduction or by the

cofactor method. The answer turns out to be

0 1 1
Pl=12 1 0],
-1 -2 -1

and now we can check that the above equation really does hold.

Warning! The converse of Corollary [[2.7is not true. If it turns out that there do
not exist n distinct eigenvalues, then you cannot conclude from this that the matrix
is not diagonalisable. This is really rather obvious, because the identity matrix has
only a single eigenvalue, but it is diagonal already. Even so, this is one of the most
common mistakes that students make.

If there are fewer than n distinct eigenvalues, then the matrix may or may not
be diagonalisable, and you have to test directly to see whether there are n linearly
independent eigenvectors. Let us consider two rather similar looking examples:

11 1 1 2 -2
Ai=[0 -11], Ay=]0-1 2
00 1 00 1

Both matrices are upper triangular, so we know from Proposition [2.4] that both
have eigenvalues 1 and —1, with 1 repeated. Since —1 occurs only once, it can only
have a single associated linearly independent eigenvector. (Can you prove that?)

1
Solving the equations as usual, we find that A; and Ay have eigenvectors | —2 | and
0
1
—1 ], respectively, associated with eigenvalue —1.
0

The repeated eigenvalue 1 is more interesting, because there could be one or
two associated linearly independent eigenvectors. The equation A;x = x gives the
equations

T1 + T2 + X3 = T1; —T2 + X3 = T2; x3 = I3,
SO T9 + x3 = —2x9 + 3 = 0, which implies that xo = x3 = 0. Hence the only
1
eigenvectors are multiples of | 0 |. Hence A; has only two linearly independent
0

eigenvectors in total, and so it cannot be diagonalised.
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On the other hand, Asx = x gives the equations
T + 2x9 — 203 = x7; —x9 + 2x3 = T9; r3 = I3,

which reduce to the single equation x9 — x3 = 0. This time there are two linearly

1 0
independent solutions, giving eigenvectors [ 0 | and | 1 |. So Ay has three linearly
0 1

independent eigenvectors in total, and it can be diagonalised. In fact, using the
eigenvectors as columns of the change of basis matrix P as before gives

101 11
P=[01 -1 and we compute P"* = [0 0
01 0 0 —1

-1
1
1

10 0
We can now check that P"'A,P= [0 1 0 |, as expected.
00 -1
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